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Course setup

• 6 ec course

• examination based on computer exercises and presentation of research topic

• Students work in groups of three and hand in a single result

• weekly exercises tutorials

• All course materials (slides, exercises) and schedule via http://www.snn.ru.
nl/˜bertk/machinelearning/adv_ml.html
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Lecture 1. Monte Carlo sampling

Based on MacKay chapter 29 and 30.

• Uniform sampling

• Importance and Rejection sampling

• Metropolis-Hasting method

• Detour on Markov processes, stationary distribution, ergodicity

• Gibbs sampling

• Hybrid Monte Carlo
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MacKay ch. 29

Machine learning is about inference

In many machine learning problems one needs to estimate high dimensional inte-
grals.

1. Estimate expected parameter values in the posterior of a Bayesian learning
problem:

p(θ|D) =
p(D|θ)p(θ)

p(D)
E θ =

∫
dθθp(θ|D)

2. Estimate the ’evidence’ for model selection

p(D|Hi) =

∫
dθp(D|θ,Hi)p(θ|Hi)

3. Computing statistics in graphical models p(x1, . . . , xn) =
∏n

i=1 pi(xi|xPa(i))

p(x1, x2) =
∑

x3,...,xn

p(x1, . . . , xn)
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MacKay ch. 29

Denote p(x) =
p∗(x)

Z the probability distribution of interest with Z =
∫

dxp∗(x). We
can assume that p∗(x) is easily evaluated for any x, but Z is hard to evaluate.

Problems 1,3 are of the form: Estimate

Φ =

∫
dxp(x)φ(x)

with φ(x) some function of x. Problem 2 is of the form estimate Z =
∫

dxp∗(x).

All these problems are hard, but problem 2 (computing the partition sum) is actually
harder than problems 1,3 (computing statistics) 1

We will consider estimating Φ.

1For problem 2, more advanced methods, such as thermodynamic integration are needed.
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MacKay ch. 29

An analogy

Imagine a lake with coordinates x = (x1, x2). You wish to estimate the average
plankton concentration 2

Φ =
1
Z

∑
x

p∗(x)φ(x) Z =
∑

x

p∗(x)

p∗(x) is the depth of the lake at x. φ(x) is the plankton concentration at x (inde-
pendent of the depth). So p∗(x)φ(x) is the total amount of plankton at location
x.

Z is the total volume of the lake.

�
�
�
�
�

�
�
�
�
�

P

�

(x)

2We assume for the simplicity of the argument that the lake has discrete locations labeled by x.
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MacKay ch. 29

An analogy

Go out with your boat to locations x, measure the depth with a plumbline and the
local plankton concentration. If you sample all locations in the lake,

Φ̂ =

∑
x p∗(x)φ(x)∑

x p∗(x)
= Φ

you obtain the exact result.
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But this is very expensive. If the lake has a locations per dimension then this
requires a2 measurements. For an n dimensional problem, the number becomes
an exponential in n. This is called the curse of dimensionality.
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MacKay ch. 29

An analogy

Suppose instead of visiting all locations, we visit N locations. A very good (actually
the best) way to choose the locations is to choose them with a probability propor-
tional to the depth p(x) = p∗(x)/Z. Of course, this is impractical, because you need
to measure first the depth at all lake locations before you can start rolling your dice!

But suppose you can, then,

Φ̂ =
1
N

N∑
r=1

φ(xr) xr ∼ p(x)

Φ̂ is a random variable: each time we repeat the experiment (collecting N samples)
we get a different outcome. But it is a good estimator of Φ because the average
value over many such experiments is EΦ̂ = Φ. The estimator Φ̂ is called unbiased.

The proof is simple. SInce the samples are drawn independent, the probability to
obtain outcomes x1, . . . , xN is p(x1, . . . , xN) =

∏N
r=1 p(xr). The expected value of Φ̂
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MacKay ch. 29

is

EΦ̂ =
1
N

N∑
r=1

∑
xr

p(xr)φ(xr) = Φ

The variance in Φ̂ decreases with the number of samples N:3

VΦ̂ = NV
φ

N
=

1
N
Vφ Vφ =

∑
x

p(x)(φ(x) − Φ)2

Thus,

Φ̂ = Φ + O
(

1√
N

)
Note, that the accuracy does not depend on the dimension of the problem. So this
is great. But sampling from p is very hard!

3Here we make use of the useful property that if X =
∑

i Xi is a sum of independent random variables, the variance
in X is the sum of the variances of each Xi.
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MacKay ch. 29

Typical set

Consider the Ising model

p(x) =
exp(β

∑
i> j xix jwi j)
Z

=
p∗(x)

Z
Z =

∑
x

p∗(x)

with x = (x1, . . . , xn) and xi = ±1, i = 1, . . . , n.

Total number of states is 2n, but most probability is concentrated in the so-called
typical set T .
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MacKay ch. 29

Typical set

Draw long sequence of N states from the Ising model:

x1, x2, . . . , xN

The probability of the sequence is

P(x1, x2 . . . , xN) = P(x1)P(x2) . . . P(xN) =
∏

x

p(x)N(x)

The number of times the value x occurs in the string is N(x) ≈ p(x)N.

Thus,

P(x1, x2 . . . , xN) ≈
∏

x

p(x)p(x)N =
(
2−H

)N

with H = −∑
x px log px the entropy of the distribution.

Thus, in the large N limit all typical strings have the same probability 2−NH and all
other (non-typical) strings have probability zero.
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MacKay ch. 29

The formula suggests that ’on average’ for a single sample, there are typical sam-
ples with probability 2−H and non-typical samples with probability zero. Denote T
the set of typical samples. The number of typical samples is thus |T | ≈ 2H.

The typical set should be compared to the total number of states 2n and the volume
fraction is 2H−n. If we sample states x uniformly at random, the probability to hit an
element of the typical set is 2H−n. Thus, one needs on the order of Nmin = 2n−H

samples to hit the typical set once and therefore the number of samples

N � Nmin = 2n−H

For n binary spins 0 ≤ H ≤ n.

(a)

64 log(2)

0
0 1 2 3 4 5 6

E
n
tr

o
p
y

Temperature
(b)

Left. Entropy of a 64 spin 2d Ising model with couplings wi j = 1. Right. Sample from a 1024 spin
Ising model near the critical temperature.
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MacKay ch. 29

• For (very) high temperature (low β) H ≈ n and Nmin ≈ 1 and uniform sampling
feasible

• Around the critical temperature, H ≈ n/2 and Nmin ≈ 2n/2. For n = 1000 spins
this is of order 10150 which is about the square of the number of particles in the
universe.

In a nut shell: Uniform sampling only works for uniform distributions (in which case
it is optimal!).
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BRML example 27.1

Sampling from a multi-variate Gaussian

How to sample from a multi-variate Gaussian distribution N(x|m, S )?

Define C such that CCT = S and define y = C−1(x − m). Since this is a linear
transformation, y is also Gausian distributed with

Ey = C−1 (〈x〉 − m) = 0

V(y) = EyyT = C−1E(x − m)(x − m)T
(
C−1

)T
= C−1S

(
C−1

)T
= 1

Thus sample from y can be obtained by sampling each component independently:

p(y) =
∏

i

N(yi|0, 1)

Sampling from a one dimensional Gaussian can be done by sampling from a uni-
form distribution using the Box-Muller transformation (Exercise).

Sample from x is obtained by sampling from y and x = Cy + m.
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MacKay ch. 29

Importance sampling

The task is to estimate

Φ =

∫
dxp(x)φ(x)

Sample from another distribution q(x).

Often one can propose a sample density that is
1) better than uniform and
2) easy to sample from.

For instance, a (spherical) Gaussian:

Q∗(x) ∝ exp(−
∑

i

x2
i /2)

x

P

�

(x)

Q

�

(x)

�(x)
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MacKay ch. 29

Importance sampling
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Consider simple 1-d sampling problem. Given p(x), compute

Φ = Prob(x < 0) =

∫ ∞

−∞
φ(x)p(x)dx

with φ(x) = 1 if x ≤ 0 and zero otherwise.

Naive method: generate N samples Xi ∼ p

Φ̂ =
1
N

N∑
i=1

φ(Xi)
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MacKay ch. 29

Importance sampling

−2 0 2 4
0

0.2

0.4

0.6

0.8

1

1.2

Consider another distribution q(x). Then

Φ = Prob(x < 0) =

∫ ∞

−∞
φ(x)

p(x)
q(x)

q(x)dx

Importance sampling: generate N samples Xi ∼ q

Φ̂ =
1
N

N∑
i=1

φ(Xi)
p(Xi)
q(Xi)

Unbiased (EΦ̂ = Φ) for any q!
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MacKay ch. 29

Optimal importance sampling
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The distribution

q∗(x) =
p(x)φ(x)

Φ

is the optimal importance sampler.

One sample X ∼ q∗ is sufficient to estimate a:

Φ̂ = φ(X)
p(X)
q∗(X)

= Φ

The estimator has zero variance
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MacKay ch. 29

Normalization

So any importance sampler is unbiased EΦ̂ = Φ, and the closer that q is to p the
smaller the variance.

The importance weights p(x)/q(x) assume that we can evaluate p(x) (q we choose
so that we can). However, most often p(x) can only be easily computed, up to a
constant:

p(x) =
p∗(x)

Z
Z =

∫
dxp∗(x)

Estimate both numerator and denonimator by sampling.

Φ =

∫
dxp(x)φ(x) =

∫
dxp∗(x)φ(x)∫

dxp∗(x)
=

∫
dxq(x) p∗(x)

q(x) φ(x)∫
dxq(x) p∗(x)

q(x)

Sample {xr} from q(x) and compute

wr =
p∗(xr)
q(xr)

Φ̂ =

∑
r wrφ(xr)∑

r wr
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MacKay ch. 29

Importance sampling

The estimate is biased.

EΦ̂ = E

∑N
r=1 wrφ(xr)∑N

r=1 wr

 , E
∑N

r=1 wrφ(xr)

E
∑N

r=1 wr
=

N
∫

dxp∗(x)φ(x)
N

∫
dxp∗(x)

= Φ

However, for large N:

N∑
r=1

wr = NEwr + O
(√

N
)
≈ NEwr

EΦ̂ ≈ E

∑N
r=1 wrφ(xr)

NEwr

 =
E

∑N
r=1 wrφ(xr)

N
∫

dxp∗(x)
=

N
∫

dxp∗(x)φ(x)

N
∫

dxp∗(x)
= Φ

The estimator Φ̂ is asymptotically unbiased.
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MacKay ch. 29

Choose sufficiently broad importance sampler

Warning: rare events give large contributions. Compare

q(x) ∝ e−x2/2 q(x) ∝ 1
x2 + a2

The weights are ∝ q(x)−1: Rare events have large weights.

(a)

-7.2
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10 100 1000 10000 100000 1000000

(b)

-7.2
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-6.8

-6.6

-6.4

-6.2

10 100 1000 10000 100000 1000000

Toy 1-d amino acid sampling problem, showing effect of poor importance sampler. Left: Gaussian
suggests convergence after 500 iterations. Right: Cauchy is broader distribution and shows more

robust behaviour.
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MacKay ch. 29

Rejection sampling

(a)

x

P

�

(x)


Q

�

(x)

(b)

x

u

x

P

�

(x)


Q

�

(x)

Choose, c such that for all x : cQ∗(x) > P∗(x)

• generate x from Q∗(x)

• generate u uniform from [0, cQ∗(x)]

• if u > P∗(x) reject x, otherwise accept x

Probability of a sample x is Q∗(x) P∗(x)
cQ∗(x) ∝ P∗(x).

Φ̂ =
∑

r

φ(xr)→
∫

dxφ(x)p(x)
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MacKay ch. 29

Rejection sampling in high dimensions

-4 -3 -2 -1 0 1 2 3 4

P(x)
cQ(x)

Let p(x) and q(x) be spherical Gaussians in n dimensions with mean 0 and σq =

1.01σp.
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MacKay ch. 29

Since

q(x) =

 1√
2πσ2

q


n

e
− 1

2σ2
q

∑
i x2

i
p(x) =

 1√
2πσ2

p


n

e
− 1

2σ2
p

∑
i x2

i

then

c =
p(0)
q(0)

=

(
σq

σp

)n

= 1.01n

With n = 1000 we find c=20.000. Thus volume under cq is 20.000 times the volume
under p. Therefore, the acceptance rate = volume p

volume cq
= 1

c

Thus rejection sampling is inefficient in high dimensions.
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MacKay ch. 29

Curse of dimensionality for importance sampling

A similar argument holds for importance sampling. Suppose that we wish to es-
timate Φ =

∫
dxp(x)φ(x) and we use importance sampling with q(x). The impor-

tance weights are w(xr) =
p(xr)
q(xr) and

Φ̂ =
1
N

N∑
r=1

w(xr)φ(xr) xr ∼ q(·)

Since wr is computed with p(x) rather than p∗(x), Φ̂ is an unbiased estimator:〈
Φ̂
〉

= Φ.

Importance sampling breaks down in high dimension, because of the large vari-
ance of the sample weights w(x) =

p(x)
q(x) . The way to understand this, is that when

w(x) is large for certain x, q(x) is small. This means that Φ̂ depends on a large
contribution w(x)φ(x), but that this contribution has low probability of occuring in
the sample. This makes Φ̂ inaccurate. Another way to understand that the quality
of the sampling deteriorates with increasing variance of w(x) is to note that when
p = q, w(x) = 1 and its variance is zero. The variance in w is proportional to the
difference between the distributions q and p.
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MacKay ch. 29

We compute the mean and variance of w(x) for the Gaussian distributions consid-
ered for the rejection sampling example with σp = 1 and variable σq:

〈w〉 =

∫
dnxq(x)

p(x)
q(x)

= 1

σ2
w =

∫
dnxq(x)

(
p(x)
q(x)

− 1
)2

=

∫
dnx

p(x)2

q(x)
− 1

=

(
σq√
2π

)n ∫
dnxe

−1
2

2− 1
σ2

q

∑i x2
i − 1

= (σqa)n − 1

with a =
σq√

2σ2
q−1

. So with σ2
q = 1 + ε the variance in the sampling weights is

σ2
w =

 σ2
q√

2σ2
q − 1


n

− 1 =

(
1 + ε√
1 + 2ε

)n

− 1 ≈
(
1 +

1
2
ε2

)n

− 1

For the previous example with ε = 0.02 and n = 1000 we obtain σ2
w = 0.224 which
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MacKay ch. 29

is not bad.

But when p and q differ more, the variance can be significant and importance
sampling breaks down. For instance with ε = 0.1 and n = 2000 we obtain σ2

w ≈
21000.

Note, that we have here treated to favorable case when the importance weights
are computed from p(x) rather than from p∗(x) so that Φ̂ is unbiased. In practice,
one is often forced to use p∗(x) so that the importance sampling error is further
increased due to (unknown) bias.
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MacKay ch. 29

Lecture 2. Monte Carlo sampling

Based on MacKay chapter 29 and 30.

• Uniform sampling

• Importance and Rejection sampling

• Metropolis-Hasting method

• Detour on Markov processes, stationary distribution, ergodicity

• Gibbs sampling

• Hybrid Monte Carlo

• Sampling the Bayesian posterior for the perceptron
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Metropolis algorithm

The Metropolis algorithm (1956) considers a sampling density which depends on
the current sample value: q(x|xr).

x

x

(1)

Q(x;x

(1)

)

P

�

(x)

x

x

(2)

Q(x;x

(2)

)

P

�

(x)

Initialize in some random state x1
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MacKay ch. 29

Metropolis algorithm

At iteration r, sample x′ from q(x′|xr) and compute

a =
p∗(x′)q(xr|x′)
p∗(xr)q(x′|xr)

If a ≥ 1, accept x′ as the new state: xr+1 = x′

Else, accept x′ as the new state with probability a

If accept: xr+1 = x′, else xr+1 = xr
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Markov processes

Markov processes

Let S denote the set of all state vectors x. x ∈ S is a binary vector of length n and
thus x can take on 2n different values.

Denote p(x) a probability distribution over states. p(x) is a vector of length 2n with∑
x p(x) = 1.

A Markov process is a discrete time stochastic dynamical process that is defined
by a transition matrix T (x′|x) that specifies the transition probability from an initial
state x to a final state x′ in a single time step. Thus, T (x′|x) is a 2n × 2n matrix. For
any x, T (x′|x) is a probability vector in x′:∑

x′
T (x′|x) = 1

Matrices with this property are called stochastic matrices.

The Markov dynamics with initial state distribution p0(x) is

pt+1(x′) =
∑

x

T (x′|x)pt(x)
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Markov processes

Markov processes

After long times, the Markov process reaches a stationary distribution.

p0 → p1 = T p0 → p2 = T p1 → . . .

The stationary distribution p∞ is a vector such that it is invariant under the dynam-
ics: T p∞ = p∞. Thus p∞ is an eigenvector of T with eigenvalue 1. T always has at
least one eigenvalue 1.

In the case that T has only one eigenvalue 1 the stationary distribution is unique.
In this case the Markov process is called ergodic. A consequence is that the
stationary distribution does not depend on the initial state.

If the eigenvalue 1 is degenerate the stationary distribution is not unique and the
stationary distribution depends on the initial state.

The characteristic time it takes to reach stationarity is determined by the other
eigenvalues of T .
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Markov processes

Let us denote the eigenvalues and left and right eigenvectors of T by λα, lα, rα, α =

1, . . . , 2n, respectively 4. In matrix notation we have

Trα = λαrα

l†αT = λαl†α

Since T is a non-symmetric matrix, the left and right eigenvectors are different,
non-orthogonal and complex valued. † denotes complex conjugation and trans-
pose. The eigenvalues are complex valued. Under rather general conditions each
set of eigenvectors spans a non-orthogonal basis of C2n

. These two bases are
dual in the sense that:

l†αrβ = δαβ.

We see that the vector a = (1, . . . , 1) is a left eigenvector of T with eigenvalue 1:

(aT )(x) =
∑

x′
a(x′)T (x′|x) =

∑
x′

T (x′|x) = 1 = a(x)

The corresponding right eigenvector is p∞: T p∞ = p∞.
4In general, the number of eigenvalues of T can be less than 2n. However, for our purposes we can ignore this case
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Markov processes

Some properties

A Markov process is called irreducible, or ergodic, on a subset of states C ⊂ S if
for any state x ∈ C there is a finite probability to visit any other state x′ ∈ C:

x = x0, x1, . . . , xk = x′

with T (xi|xi−1) > 0, i = 1, . . . , k.

A subset of states C ⊂ S is called closed when the Markov process can never
escape from C, once entered:

T (x′|x) = 0 for all x ∈ C, x′¬ ∈ C.

In general, we can decompose the state space S uniquely into closed irreducible
subsets Ci

S = T ∪ C1 ∪ C2 . . . ,

where T is a set of transient states.
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Markov processes

Perron-Frobenius theorem

An irreducible Markov process T of periodicity d has d eigenvalues given by

λm = exp(2πim/d),m = 0, . . . , d − 1,

and all remaining eigenvalues of T are inside the unit circle in the complex plane:
|λα| < 1 .

1-1

i

-i
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Markov processes

Characteristic times

We can expand T on the basis of its eigenvectors:

T =

2n∑
α=1

λαrαl†α

5

In the ergodic case with periodicity 1:

pt = T pt−1 = . . . = T t p0 =
∑
α

λt
αrα(l†αp0) = p∞ +

∑
α>1

λt
αrα(l†αp0)

5It is easy to check that this satisfies the eigen equations:

Trβ =
∑
α

λαrαl†αrβ =
∑
α

λαrαδαβ = λβrβ

and similarly l†
β
T = λβl†

β
.
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Markov processes

We can write

λt
α = |λα|teiφαt = e−t/ταeiφαt τα =

−1
log |λα|

The characteristic time to converge to the stationary distribution is determined by
the largest |λα|.
With higher periodicity the solution oscillates asymptotically:

pt =
∑

α,|λα|=1

λt
αrα(l†αp0) +

∑
α,|λα|<1

λt
αrα(l†αp0) →

d−1∑
m=0

e2πimt/drm(l†mp0)

For instance p0 = 1
2(r0 + r1) and d = 4:

pt(x) =
1
2

(r0(x) + itr1(x))
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Markov processes

Non-ergodic behavior

A non-irreducible or non-ergodic Markov process has more than one eigenvalue
1 and therefore more than one left and right eigenvector with eigenvalue 1. Let
us denote these eigenvectors by l1, . . . , lk and r1, . . . , rk, respectively. Any linear
combination of the right eigenvectors

p∞ =

k∑
α=1

ραrα

is therefore a stationary distribution, with parameters ρα such that p∞(x) ≥ 0 for
all x and proper normalization:

∑
x p∞(x) = 1. Thus, there exists a manifold of

dimension k − 1 of stationary distributions.
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Markov processes

The k left eigenvectors with eigenvalue 1 encode invariants of the dynamics

l†αpt+1 = l†αT pt = l†αpt α = 1, . . . , k

Since l1 ∝ (1, . . . , 1) the first invariant simply ensures invariance of normalisation∑
x pt+1(x) =

∑
x pt(x). Thus,

l†αp0 = l†αp∞ α = 1, . . . , k

The invariants determine uniquely the stationary distribution in terms of the initial
conditions.

p∞ =

k∑
α=1

ραrα =

k∑
α=1

(l†αp0)rα

because ρα = l†αp∞ = l†αp0.

Note, that in the ergodic case (k = 1) the dependence on the initial state disap-
pears, as it should, since l†1p0 = 1 for any initial distribution p0
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Markov processes

Summary

The Markov process can be analysed in terms of the eigenvalues and eigenvectors of the transition
matrix T .

1. There exists always an eigenvalue λ = 1.
• If this eigenvalue is non-degenerate, the Markov process is called ergodic. The stationary

distribution is unique and independent on the initial state.
• If this eigenvalue is degenerate, the Markov process is called non-ergodic. The stationary

distribution is not unique and depends on the initial state.

2. Markov processes can have multiple eigenvalues e2πim/d,m = 0, . . . , d−1 and |λ| = 1. In this case
it is called periodic with period d. In the most common case, the Markov process is non-periodic
d = 1.

3. Eigenvalues with norm close to 1 (|λ| = 1 − ε, ε small) imply long convergence times.

1-1

i

-i
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Markov processes

Detailed balance

Stationarity: ∑
x′

T (x|x′)p(x′) = p(x) =
∑

x′
T (x′|x)p(x)

There always exists a stationary solution p(x).

The Markov process T satisfies detailed balance if ∃p such that

T (x|x′)p(x′) = T (x′|x)p(x) for all x, x′.

Detailed balance is a property of the Markov dynamics T . It is not true in general.

DB holds for thermodynamic systems and Metropolis Hastings, not for chaotic sys-
tems.

If DB p(x) is a stationary distribution of T . The reverse is not true.
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Markov processes

The Metropolis algorithm again

At iteration r, sample x′ from q(x′|xr) and compute

a =
p∗(x′)q(xr|x′)
p∗(xr)q(x′|xr)

If a ≥ 1, accept x′ as the new state: xr+1 = x′

Else, accept x′ as the new state with probability a

If accept: xr+1 = x′, else xr+1 = xr

The Metropolis algorithm is an ergodic (aperiodic) Markov process that satisfies
detailed balance such that the stationary distribution is p.
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Ch. 29

Convergence of Metropolis algorithm

Metropolis algorithm is example of Markov process. Given two states x and x′.
Define

ax′x =
p∗(x′)q(x|x′)
p∗(x)q(x′|x)

, axx′ =
1

ax′x

Suppose ax′x ≥ 1. Then

Given x, the probability to accept x′ is

T (x′|x) = q(x′|x)

Given x′, the probability to accept x is

T (x|x′) = q(x|x′)axx′

T (x′|x)
T (x|x′) = ax′x

q(x′|x)
q(x|x′) =

p∗(x′)
p∗(x)

=
p(x′)
p(x)

,

i.e. detailed balance. This implies that the process T (x′|x) converges to p(x).
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Ch. 29

Metropolis Hasting for the Ising model

Use MH to sample from the Ising model

p(x) =
1
Z

exp (−E(x)) E(x) = −1
2

∑
i, j

wi jxix j = −
∑
(i j)

wi jxix j

Consider q(x′|x) to implement single spin flips. Define Fix is the vector of spins
obtained by flipping bit i. Then

q(Fix|x) =
1
n

q(x|x) = 0

The MH ratio for the transition from state x to state Fix is

aFix,x =
p∗(Fix)
p∗(x)

= exp (−∆E)

∆E = E(Fix) − E(x) = 2xi

∑
j,i

wi jx j
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Ch. 29

Example: 2 spins

E = −wx1x2.

There are four states x = 1 : 4 with energies:

E1:4 = {E(++), E(+−), E(−+), E(−−)} = {−w,w,w,−w}

We define ∆Ex,x′ = E(x′) − E(x):

∆E =


0 2w 2w 0

-2w 0 0 -2w
-2w 0 0 -2w
0 2w 2w 0


We define qx,x′ = q(x′|x):

q =
1
2


0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0


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Ch. 29

Example: 2 spins

Assume w > 0. We have for x , x′ ax,x′ = min(exp(−∆Ex,x′), 1):

a =


* e−2w e−2w 1
1 * 1 1
1 1 * 1
1 e−2w e−2w *


For x , x′: T (x′|x) = ax,x′qx,x′:

T =


1 − e−2w 1

2e−2w 1
2e−2w 0

1
2 0 0 1

2
1
2 0 0 1

2
0 1

2e−2w 1
2e−2w 1 − e−2w


Diagonal terms follow from

∑
x′ T (x′|x) = 1.

Interpretation of T : from high energy states 2,3 ((+,−) and (−,+) spins transit with equal probability
to one of the two low energy states 1,4 ((+,+) and (−,−)). From low energy states 1,4 their is finite
probability to transit to high energy states (decreasing with w).
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Ch. 29

Example: 2 spins

Eigenvalues of T versus w. for low w there is one eigenvalue 1 and is ergodic. for
high w there are two eigenvalues 1, system is non-ergodic.

0 1 2 3
−1

−0.5

0

0.5

1

1.5

w

λ
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Ch. 29

Lecture 2. Monte Carlo sampling

Based on MacKay chapter 29 and 30.

• Uniform sampling

• Importance and Rejection sampling

• Metropolis-Hasting method

• Detour on Markov processes, stationary distribution, ergodicity

• Gibbs sampling

• Hybrid Monte Carlo

• Sampling the Bayesian posterior for the perceptron
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Ch. 29

Gibbs sampling

• Consider only change of one element i of (x1, . . . , xn) at the time. Update x→ x′

according to
q(x′|x) = p(x′i |x\i)δx\i,x′\i

with p(x′i |x\i) the conditional distribution from the target distribution p(x). 6

• Accept: xr+1 = x′

(a)

x

1

x

2

P (x)

(b)

x

1

x

2

P (x

1

jx

(t)

2

)

x

(t)

(
)

x

1

x

2

P (x

2

jx

1

)

(d)

x

1

x

2

x

(t)

x

(t+1)

x

(t+2)

The one dimensional sampling can be done using for instance Rejection sampling.
6x\i is the vector of variables without xi. So if x = (x1, x2, x3) then x\2 = (x1, x3).
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Ch. 29

Gibbs sampling

Each Gibbs sampling is a MH step with acceptance a = 1:

q(x′|x) = p(x′i |x\i)δx\i,x′\i

a =
p(x′)
p(x)

q(x|x′)
q(x′|x)

=
p(x′i |x′\i)p(x′\i)

p(xi|x\i)p(x\i)

p(xi|x′\i)
p(x′i |x\i)

=
p(x′i |x\i)
p(xi|x\i)

p(xi|x\i)
p(x′i |x\i)

= 1

where we used x′\i = x\i.
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Ch. 29

Comparison Gibbs sampling and MH sampling

p(x) =
1
Z

exp (−E(x))

Given state x = (x\i, xi), the probability to go to state x′ = (x\i,−xi) is

Gibbs : p(x′|x) = p(−xi|x\i) =
p(−xi, x\i)

p(x\i)
=

e−E(−xi,x\i)

e−E(xi,x\i) + e−E(−xi,x\i)
=

1

1 + e∆Ex,Fix

MH : p(x′|x) = min
(
e−∆Ex,Fix, 1

)

-2 -1 0 1 2

 E

0

0.2

0.4

0.6

0.8

1

p

Gibbs

MH
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Ch. 29

The detailed balance is the same

Gibbs :
p(x′|x)
p(x|x′) =

p(−xi|x\i)
p(xi|x\i) =

1 + e−∆E

1 + e∆E = e−∆E =
p(x′)
p(x)

MH :
p(x′|x)
p(x|x′) =

min
(
e−∆E, 1

)
min

(
e∆E, 1

) = e−∆E =
p(x′)
p(x)
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Ch. 29

Correlations slow down sampling

x

(1)

Q(x;x

(1)

)

P

�

(x)

L

�

When q(x′|x) is Gaussian centered on x, q(x′|x)
q(x|x′) independent of x, x′:

ax′x =
p∗(x′)
p∗(x)

ε large:
Acceptance rate ax′x small.

ε small:
Strong dependence on starting value. Many samples needed to sample.
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Ch. 29

Correlations slow down sampling

x

(1)

Q(x;x

(1)

)

P

�

(x)

L

�

With step ε random, the particle moves a distance L ≈ √T ε in T iterations. 7

If largest length scale is L then

T ≈
(L
ε

)2

time steps are needed to sample the length L.

7Denote the total distance travelled x =
∑T

i=1 xi with xi the distance in a single step with Exi = 0 and Vxi = ε2. Then
Ex = 0 and Vx =

∑T
i=1Vxi = T ε2. Thus the typical distance travelled is L =

√
T ε
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Correlations slow down sampling
Gibbs sampling Overrelaxation

(a)
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Convergence slow when variables correlated: When two variables have marginal
width L and conditional width ε, the number of iterations scales as T ≈ L2/ε2.
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Ch. 30.1

The Hybrid Monte Carlo Method

Let

P(x) =
e−E(x)

Z
with E and its gradient ∂E

∂xi
easy to compute.

Gradient information reduces random walk behaviour in Metropolis method.

Double the state space by introducing for each xi a momentum pi variable. Define
the Hamiltonian and distribution

H(p, x) = E(x) +
α

2

∑
i

p2
i

PH(p, x) =
1

ZH
exp

−E(x) − α
2

∑
i

p2
i


The marginal is p(x) =

∫
dpPH(p, x).
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Ch. 30.1

The Hybrid Monte Carlo Method

Generate sample (x′, p′) starting from (x, p) using the Hamiltonian dynamics and
Metropolis-Hasting:

dpi

dt
= −∂H

∂xi

dxi

dt
=
∂H
∂pi

leaves H invariant.

dH
dt

=
∑

i

dH
dpi

dpi

dt
+

dH
dxi

dxi

dt
= 0
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Ch. 30.1

Example

Consider the double well cost E(x) =
(
x2 − 1

)2
.

The Hamiltonian H(x, p) = E(x) + 1
2αp2 has the form.

x

p

−2 −1 0 1 2
−2

−1

0

1

2

α small yields large p values and dynamical trajectories to large distances.
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Ch. 30.1

Pseudo code

Choose initial x1.

For t = 1 : T :

1. choose pt from N(0, α−1), giving (xt, pt)

2. run Hamilton dynamics, giving (x′, p′)

3. Metropolis step: accept (xt+1, pt+1) = (x′, p′) as new state with probability

min (1, a) a =
PH(x′, p′)
PH(x, p)

=
e−H(x′,p′)

e−H(x,p)

4. On rejection, (xt+1, pt+1) = (xt, pt)

NB: a = 1 by construction in theory, but deviates from 1 due to numerical integration
errors.
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Ch. 30.1

Pseudo code
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Ch. 30.1

Example 2

H(x, p) =
1
2
β1x2

1 +
1
2
β2x2

2 +
1
2

(p2
1 + p2

2)

The dynamics is

ẋi =
∂H(x, p)
∂pi

= pi ṗi = −∂H(x, p)
∂xi

= −βixi

ẍi = −βixi

The solution is of the form xi(t) = sin
(√
βit

)
.

If β1 � β2, oscillations in x1 much faster than in x2.
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Comparison of HMC and Metropolis

Hamiltonian Monte Carlo Simple Metropolis

(a)
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Two dimensional elongated Gaussian distribution. a-b) Hybrid Monte Carlo method c-d)
Metropolis method.
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Ch. 39

Perceptron/logistic regression

p(t = 1|x,w) = σ(~w · ~x)

σ(x) =
1

1 + exp(−2x)
~w · ~x = w0 + w1x1 + w2x2
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Perceptron/logistic regression
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Ch. 41

Learning as inference

Data set: {xµ, tµ}, µ = 1, . . . , P with tµ = ±1.

Probability of data point under the model: p(tµ|xµ,w) = σ(tµw · xµ)
Likelihood:

p(D|w) =
∏
µ

p(tµ|xµ,w) = exp(−G(w)) G(w) = −
∑
µ

log(p(tµ|xµ,w))

Prior:
p(w) =

exp(−αEw(w))
Zw(α)

Ew(w) =
∑

i

w2
i

makes solutions with small weights more probable.

Posterior:

p(w|D) =
p(D|w)p(w)

p(D)
∝ exp(−M(w))

M(w) = G(w) + αEw(w)
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Ch. 41

ML versus Bayesian

Standard in neural network learning is to compute the maximum likelihood or max-
imum posterior solution. For new test point a

D → wml

p(t|a) = p(t|a,wml)

Bayesian approach requires integration over multiple solutions:

D → p(w|D)

p(t|a) =

∫
dwp(w|D)p(t|a,w) = 〈p(t|a,w)〉p(w|D)
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The maximum posterior solution
� = 0:01 � = 0:1 � = 1
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Minimizing the cost function M(w) = G(w) + αEw(w) yields smoother solutions for
larger α.
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The full Bayesian solution

Data set Likelihood Probability of parameters
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The full Bayesian solution
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α = 0.01, q(w′|w) = N(w′|w, σ), σ = 0.1

p(t|x) =

∫
dwp(t|x,w)p(w|D) ≈ 1

R

∑
r

p(t|x,wr)
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Mackay Ch. 31

Lecture 3. The Ising model

• Illustration of Metropolis Hasting algorithm for the Ising model

• Phase transition: qualitative change when going from high temperature to low
temperature. Ferro-magnetic Ising model.

• Critical slowing down

• Frustration in the anti-ferromagnetic Ising model

– Transfer matrix method for computation of the partition sum

• Discrete optimization with iterative improvement and simulated annealing
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Mackay Ch. 31

The Ising model

Ising model is a probability distribution over vectors of binary variables. x =

(x1, . . . , xN) with xi = ±1.

p(x) =
1
Z

exp (−βE(x)) E(x) = −1
2

∑
i, j

Ji jxix j −
∑

i

hixi

Z =
∑

x

exp(−βE(x)) =
∑

x1

. . .
∑
xN

exp(−βE(x))

β = 1/kT is the inverse temperature, can be absorbed in the coupling. 8

8It is sometimes convenient to write 1
2
∑

i, j Ji jxix j =
∑

(i j) Ji jxix j.
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Some basic relations

The mean energy of the spin system 〈E〉 =
∑

x E(x)p(x) can be computed from Z:

∂ log Z
∂β

=
1
Z
∂Z
∂β

=
1
Z

∑
x

−E(x) exp(−βE(x)) = − 〈E〉

The energy fluctuations are computed similarly:

∂2 log Z
∂β2 =

∂

∂β

(
1
Z
∂Z
∂β

)
= − 1

Z2

(
∂Z
∂β

)2

+
1
Z
∂2Z
∂β2

= − 〈E〉2 +
1
Z

∑
x

E(x)2 exp(−βE(x)) = − 〈E〉2 +
〈
E2

〉
= V(E)

One calls F = −1
β

log Z the free energy, or a log partition sum.

F = 〈E〉 − 1
β

H ex.31.1
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Mackay Ch. 31

Metropolis Hasting for the Ising model

Use MH to sample from the Ising model

p(x) =
1
Z

exp (−E(x)) E(x) = −
∑
(i j)

wi jxix j

Consider q(x′|x) to implement single spin flips. Define Fix is the vector of spins
obtained by flipping bit i. Then

q(Fix|x) =
1
n

q(x|x) = 0

The MH ratio for the transition from state x to state Fix is

aFix,x =
p∗(Fix)
p∗(x)

= exp (−∆E)

∆E = E(Fix) − E(x) = 2xi

∑
j,i

wi jx j
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Mackay Ch. 31

Ferro-magnet
Rectangular grid with J = 1 and hi = 0 Ferro-
magnet, periodic boundary.
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Run system at different temperatures β = 0.03→
10→ 0.03 in equilibrium (check for hysteresis)
Run T iterations at each temperature, discard first
1/3 for ’burn in’.
record 〈E〉 ,VE,

〈
m2

〉
as time averages:

〈E〉 =
1
T

T∑
t=1

E(xt) VE =
1
T

T∑
t=1

(Et − 〈E〉)2

〈
m2

〉
=

1
T

T∑
t=1

m2(xt) m(xt) =
1
N

N∑
i=1

xi

T
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2
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Mackay Ch. 31

Ferro-magnet: mean energy and magnetizationn
N Mean energy and 
u
tuations Mean square magnetization
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Left: Mean energy. Each spin has 4 links, thus E has 2N terms.
- at low temperature 〈E〉 /N = −2

〈
xix j

〉
= −2 (for one of the two ground states).

- At high temperature 〈E〉 /N = −2
〈
xix j

〉
≈ 0 and V(E/N) ∝ 1/N.

Right: Mean squared magnetisation
- is zero for high temperature
- and ’breaks’ to 1 for low temperature.
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Mackay Ch. 31

Ferro-magnet: energy fluctuations
N = 100 N = 4096
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Energy fluctuations increase around the critical temperature
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MacKay appendix B

Phase transitions

Phase transitions are values of β for which the derivatives of

log Z(β) = log
∑

x

e−βE(x)

are discontinuous or diverge.

Phase transitions can only occur when N → ∞, because for finite N Z(β) is a
smooth function.
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MacKay appendix B

Phase transitions

Consider the toy model: E(x) = −εN when x = (0, 0, . . . , 0) and E(x) = 0 otherwise
(xi = 0, 1). Then

Z = eNβε + 2N − 1 lim
β→∞

log Z = Nβε lim
β→0

log Z = N log 2

d log Z
dβ

= Nε
eNβε

eNβε + 2N − 1
d2 log Z

dβ2 = N2ε2 (2N − 1)eNβε(
eNβε + 2N − 1

)2

When N → ∞ and β = log 2/ε, 〈E〉 = −Nε
2 and the fluctuations V(E) = N2ε2

4 :

〈E〉 /N = −ε
2
± ε

2
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MacKay appendix B

Phase transitions

Compare with the independent model E(x) = ε
∑N

i=1(2xi − 1). Then

Z =
(
eβε + e−βε

)N
lim
β→∞

log Z = Nβε lim
β→0

log Z = N log 2

Since log Z = N f (β) we find for β =
log 2
ε

that 〈E〉 = −3εN
5 and V(E) = 16

25Nε2.

〈E〉 /N = −3ε
5
± 4ε

5
√

N

The energy fluctuations per spin vanish.
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Sandvik 2018

Autocorrelation

During sampling x1, x2, . . . , xN one obtains samples of the quantity of interest Qt =

φ(xt). One can estimate the autocorrelation

A(τ) =
〈QtQt+τ〉 − 〈Qt〉2〈

Q2
t

〉
− 〈Qt〉2

∝ e−τ/Θ

Note that A(0) = 1. One expects for ergodic problems that for large τ

〈QtQt+τ〉 = 〈Qt〉 〈Qt+τ〉 = 〈Qt〉2 lim
τ→∞ A(τ) = 0

Θ is the characteristic time on which the samples of the Markov process are corre-
lated. Thus, the effective number of independent samples is N/Θ.
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Sandvik 2018

Autocorrelation

Characteristic autocorrelation time Θ is finite independent of system size at T , Tc,
but diverges with system size at T = Tc. This is known as critical slowing down. It
is related to the divergence of the fluctuations at T = Tc.

Autocorrelation function for φ(x) =
∣∣∣1n ∑n

i=1 xi

∣∣∣ in 2D Ising models of different sizes at T = 3 (left) and
T = Tc (right) with Tc = 2/ log(1 + 2

√
2) ≈ 2.269).

Bert Kappen ML 81



Sandvik 2018

Autocorrelation

Snapshots of the Markov process on a two dimensional L = 32 Ising lattice at three different times
and three different temperatures. The middle row shows critical slowing down: the configuration
hardly changes. The top and bottom rows show significant change.
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Critical slowing down

The idea can be explained within the Landau theory of phase transitions. Model
V(x) = α(T − Tc)x2 + 1

4βx4.

When T � Tc or T � Tc, the potential well can be approximated by a quadratic
form. In both cases, the relaxation to the optimal value for y = x − xopt is described
as a locally quadratic potential V(y) = 1

2γy2. The relaxation dynamics is

ẏ = −dV
dy

= −γy y(t) = y(0)e−γt

Thus, the relaxation is exponentially fast with characteristic time Θ = γ−1.
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For T = Tc, the quadratic term vanishes and the potential is V(y) = 1
4βy4 and

ẏ = −βy3 y(t) =
1√
βt

The convergence is much slowed down.
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Mackay Ch. 31

Anti-ferromagnet

Anti-ferromagnet has J = −1 between neighbors on the grid.
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Ground states of the anti-ferromagnet are one-to-one with ground states in ferromagnet.

The spins in the 2D lattice form a bi-partite graph W, B.

Eanti(xB, xW) = −
∑
i∈B

∑
j∈W

(J = −1)xix j = −
∑
i∈B

∑
j∈W

(J = 1)xi(−x j)

= Eferro(xB,−xW)

The ferro and anti-ferro magnetic system have the same energies E(x) by relabel-
ing x. And thus the same physics.
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Mackay Ch. 31

Anti-ferromagnet

When the number of spins per direction is odd, this is no longer true.

J = +1 J = �1
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Rectangular grid of 5 × 5 spins with ferromagnetic (left) and anti-ferromagnetic (right) interaction.

Not all bonds Jxix j can be minimized. This is a boundary effect that decreases
with system size.
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Mackay Ch. 31

Frustration: (anti-)ferromagnetic triangular Ising model

When J = −1, E(x) cannot be minimized by minimizing all link energies −Jxix j =

xix j.
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Of the eight possible configurations of three spins, six have energy −1 and two have energy +3.

As a result: no ’clear cut’ unique minimal energy state(s) but many states with
similar low energy (Spin glass).

Bert Kappen ML 87



Mackay Ch. 31

Frustration: Anti-ferromagnetic triangular Ising model
J = +1 J = �1
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Energy (top), fluctuations (middle), heat capacity (bottom) for ferromagnet J = 1 (left) and
anti-ferromagnet (J = −1) on triangular latice.

Note: different low energies due to frustration, absence of peak in V(E) indicates
no phase transition to state with long range order.
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Mackay Ch. 31.2

Transfer matrix method for computation of partition function

The summation of the partition sum Z can be performed in the 2-dimensional
Ising model on a lattice of size W × C. The lattice is periodic in the C direction.

Z =
∑

x

exp(−βE(x)) E(x) = −
∑
i> j

Jxix j

=
∑

s1

∑
s2

. . .
∑
sC

exp

−β C∑
c=1

E(sc, sc+1)

 �

�

+

�

+

+

+

�

+

�

�

+

+

+

+

s

2

s

3

sc is a binary vector of length W,
∑

sc contains 2W terms. 9

Z =
∑

s1

∑
s2

. . .
∑
sC

Ms1,s2Ms2,s3, . . . ,MsC−1,sC MsC,s1 =
∑

s1

(
MC

)
s1,s1

= Trace(MC) Msc,sc+1 = exp(−βE(sc, sc+1))
9The energy is

E(sc, sc+1) = −
∑

i∈c, j∈c+1
Jxix j −

1
4

∑
i, j∈c

Jxix j −
1
4

∑
i, j∈c+1

Jxix j
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Mackay Ch. 31.2

M is 2W × 2W matrix.

Bert Kappen ML 90



Mackay Ch. 31.2

Transfer matrix method for computation of partition function

lim
C→∞

Z = lim
C→∞

Trace(MC) = lim
C→∞

∑
α

µC
α = µC

max

with µmax the largest eigenvalue of M.

Free energy per spin

f = − T
WC

log Z = − T
W

log µmax
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Free energy per spin f = 〈E〉 − T H. At high temperature 〈E〉 ≈ 0 and f ≈ −T H ≈ −T log 2.
Entropy H = −∂F

∂T , (Ex. 31.1) at low temperature (slope), is zero for ferro and rect. anti-ferro, and
non-zero for triang. anti-ferro.
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Mackay Ch. 31.2

Transfer matrix method for computation of partition function

Entropy and average energy is computed by finite differencing:

H = −dF
dT
≈ F(T + dT ) − F(T )

dT
〈E〉 = F − T H
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Entropy of frustrated system (-) at low temperature is non-zero. Mean energy at low temperature is
higher for frustrated (-) than for non-frustrated (+) system
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Mackay Ch. 31.2

Direct computation of partition function

Energy fluctuation is computed by finite differencing of the mean energy

VE =
d2 log Z

dβ2 = −d 〈E〉
dβ
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VE =
d2 log Z

dβ2 versus temperature shows signs of phase transition for rectangular and triangular
ferromagnet (+), but not for the frustrated triangular anti-ferromagnet (-).
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Iterative improvement

Consider an discrete optimization problem 10 to minimize a function E(x):

min
x

E(x)

and denote the optimal value by x∗.

Iterative improvement. For any state, define a neighborhood R(x) as the set of
states x′ that can be reached from x. The neighborhood can be anything, for
instance single spin flips or multiple spin flips.

1: Start with a random initial state x0
2: for t = 1, 2, . . . do
3: Sample a state x′ ∈ R(xt)
4: if E(x′) < E(xt) then
5: accept xt+1 = x′

6: else
7: reject xt+1 = xt

8: end if
9: end for
10Also referred to as a combinatoric optimization problem.
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Iterative improvement

Iterative improvement is a so-called local search algorithm. These methods suffer
from local minima, in the sense that the algorithm converges to a configuration
x∞ , x∗ that is locally optimal, but not globally E(x∞) > E(x∗).

The depth d(x) of state x is defined as the lowest barrier to reach x∗. Define a path
τ = (x0, x1, . . . , xp) with x0 = x and xp = x∗ such that xi is in the neighborhood of
xi−1, i = 1, . . . , p. The depth of states x is

d(x) = min
τ

d̃(τ)

with d̃(τ) = maxxi E(xi) − E(x) the depth of the path τ.
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Simulated annealing

Simulated annealing approximates the optimization problem by a sequence of
sampling problems:

min
x

E(x) → pk(x) =
1
Z

e−E(x)/Tk

For each k one can define a MH algorithm that samples from pk.

For decreasing Tk, the distributions pk(x) become more and more centered on x∗

and

lim
Tk→0

pk(x) = δx,x∗

The analogy of a physical system freezing into a low temperature ordered state.
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Simulated annealing

Instead of a sequence of homogeneous Markov processes, one can also define
simulated annealing as a single inhomogeneous Markov process where Tt de-
creases in each iteration t, as follows.

1: Start with a random initial state x0
2: for t = 1, 2, . . . do
3: Sample a state x′ ∈ R(xt)
4: Compute a = exp

(
−E(x′)−E(x)

Tt

)
. MH acceptance probability

5: if a > 1 then
6: accept xt+1 = x′

7: else
8: xt+1 = x′ w.p a and xt+1 = xt w.p. 1 − a
9: end if

10: end for

The sequence Tt, t = 1, 2, . . . is called the annealing schedule.
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Simulated annealing [Aarts and Korst, 1988]

The dynamics converges x→ x∗ [Hajek, 1988] provided that the process is ergodic
and

Tt =
T1

log2(t + 1)
βt = β1 log2(t + 1) T1 ≥ D D = max

x
d(x)

So the initial temperature must be larger than the deepest local minimum D.

The annealing is very slow. The number of iterations t to reach a final temperature
T f is

t = e
T1
T f

and can be (unacceptable) large.
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Simulated annealing

In practice, one uses a sequence of homogeneous Markov processes (chains) of
length L and indexed by k.

Schedule
A simple choice is an exponential schedule βk+1 = fβk. 11

An alternative choice, proposed in [Aarts and Korst, 1988], is βk+1 = βk +
∆β√
VkE

with

VkE the variance of the energy in chain k.

Estimate the initial temperature by doing an initial exploration of states x and their
energies E(x) using the MH method with (too) high temperature. Set the initial
temperature as T1 = max(∆E), where ∆E = E(x′) − E(x) when x→ x′. As a result,

a =
p∗(x′)
p∗(x)

= e−∆E/T1 ≥ e−1

at the start of the algorithm.

11βk = 1/Tk is the inverse temperature.
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Simulated annealing

Estimate for each chain k the mean energy 〈E〉k and its standard deviation VkE.
The algorithm terminates when VkE = 0 and the estimate of the minimal cost is
〈E〉k.

1: Run MH at high temperature to estimate β1
2: while VEk > 0 do
3: βk+1 = fβk or βk+1 = βk +

∆β√
VkE

4: Run MH at temperature βk. Compute 〈E〉k and VkE.
5: end while

Choose f = 1.01 or similar.
Choose L a multiple of the neighborhood size |R|.
Choose ∆β in the range 0.001, 0.01, 0.1
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Exercise Simulated annealing

Write your own SA algorithm to miminize E(x) = −1
2 x′wx = −∑

(i j) xix jwi j.

If wi j > 0 random, optimization is easy (ferromagnetic). There are two global
minima.

If wi j has both signs, optimization is hard (spin glass). There are many minima of
approx equal quality.
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SA on frustrated w500 problem. AK annealing schedule with ∆β = 0.001, chain length L = 1000. A
solution E = −6600 is found in 20 sec. using 15758 chains. Left: mean E in chain k versus k.

Middle: standard deviation of E in chain k versus k. Right: βk versus k.
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Lecture 4: Deterministic approximations of the Bayesian
posterior

• Laplace approximation (the posterior for the perceptron)

• Variational approximation (the posterior for the Gaussian)

• Variational approximation for multi layer neural network
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BRML 28.2

Laplace approximation

The Laplace approximation approximates a given a probability density p(x) by a
Gaussian distribution centered on the maximum x∗ = argmaxxp(x).

Without loss of generality we can write p(x) = 1
Ze−E(x). Expand E around x∗ to

second order:

E(x) ≈ E(x∗) +
∑

i

(xi − x∗i )
∂E(x)
∂xi

∣∣∣∣∣
x=x∗

+
1
2

∑
i j

(xi − x∗i )(x j − x∗j)
∂2E
∂xix j

∣∣∣∣∣∣
x=x∗

Note, that ∂E(x)
∂xi

∣∣∣∣
x=x∗

= 0 and define Hi j = ∂2E
∂xix j

∣∣∣∣
x=x∗

. Then 12

p(x) ≈ 1
Z

e−E(x∗)e−
1
2(x−x∗)T H(x−x∗) =

1√
det(2πH−1)

e−
1
2(x−x∗)T H(x−x∗)

The Laplace approximation is not necessarily the ’best’ approximation (for instance
in terms of KL divergence), but is easy to compute.

12Z =
∫

dxe−E(x) ≈ e−E(x∗) ∫ e−
1
2(x−x∗)T H(x−x∗)

= e−E(x∗) √det(2πH−1)
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MK 41.5

Laplace approximation for Bayesian posterior

Consider the Bayesian learning of the perceptron discussed in MK 39 and MK 41:
13

p(D|w) = exp(−G(w)) G(w) = −
N∑
µ=1

log(p(tµ|xµ,w))

p(w|α) ∝ exp(−1
2α

∑
i w2

i )
Zw(α)

p(w|D, α) =
p(D|w)p(w)

p(D)
=

1
Z

exp(−M(w)) M(w) = G(w) +
1
2
α
∑

i

w2
i

We wish to compute the Bayesian prediction the probability of class t = 0, 1 for a
new data point

p(t|x,D, α) =

∫
dwp(t|x,w)p(w|D, α)

13We use t = 0, 1 and p(t = 1|x,w) = σ(w · x) with σ(x) = 1/(1 + e−x).
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MK 41.5

Laplace approximation for Bayesian posterior

We use the Laplace approximation to the posterior p(w|D, α) ≈ N(w|w∗,H−1) as a
Gaussian centered on the maximum posterior solution w∗ = argminwM(w). w∗ can
be found by gradient descend.

The Hessian is

Hi j =
∂2M
∂wiw j

∣∣∣∣∣∣
w=w∗

=

N∑
µ=1

σ(hµ)σ(−hµ))xµi xµj + αδi j hµ =

d∑
i=0

w∗i xµi

H−1 is the covariance matrix of the posterior on w in the Gaussian approximation,
which we can interpret as error bars on w. With more data (N → ∞) the variance
in w goes to zero (H−1 → 0).

Thus,

p(t = 1|x,D, α) ≈
∫

dwp(t = 1|x,w)N(w|w∗,H−1)

The function p(t = 1|x,w) = σ(a) with a = w · x. Since w is Gaussian and x is fixed,

Bert Kappen ML 106



MK 41.5

a is also Gaussian and

E(a) = w∗ · x = a∗ V(a) = xTV(w)x = xT H−1x = s2
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MK 41.5

Laplace approximation for Bayesian posterior

Thus, the d-dimensional integral is reduced to a 1-dimensional integral

p(t = 1|x,D, α) ≈
∫

daσ(a)N(a|a∗, s2)

The Gaussian integral of a sigmoid function can be approximated quite well as

ψ(a∗, s2) =

∫
daσ(a)N(a|a∗, s2) ≈ σ(κ(s)a∗) κ(s) = 1/

√
1 + πs2/8
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Left: ψ(a∗, s2). Right: ψ(a∗, s2) and σ(κ(2)a∗) versus a∗ for s2 = 4.
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MK 41.5

Laplace approximation for Bayesian posterior

(a)
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a) A projection of the Gaussian approximation onto the (w1,w2) plane of weight space. The one-
and two-standard-deviation contours are shown. Also shown are the trajectory of the optimizer,
and the Monte Carlo method samples. (b) The predictive function obtained from the Gaussian

approximation and the further approximation for the sigmoid integral (41.30).
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MK 21.2

Bayesian posterior for Gaussian

Hypothesis space for a Gaussian distribution in 1 dimension:

p(x|µ, σ) =
1√
2πσ

exp
(
−(x − µ)2

2σ2

)

Give some data, we can evaluate p({xn}Nn=1|µ, σ)
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MK 22.1

Bayesian posterior for Gaussian: ML solution

The log likelihood is

L = log p({xn}Nn=1|µ, σ) = −N log
(√

2πσ
)
− 1

2σ2

∑
n

(xn − µ)2

The maximum likelihood solution is computed from ∂L
∂µ

= ∂L
∂σ

= 0:

µ =
1
N

∑
n

xn σ2 =
1
N

∑
n

(xn − µ)2

µ independent of σ, but σ depends on µ.
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MK 33.5

Bayesian posterior for Gaussian: Variational solution

Given the Gaussian model, flat prior on µ and the non-informative prior on the
variance (β = 1

σ2):14

p(x|µ, β) =

√
β

2π
exp

(
−1

2
β(x − µ)2

)
p(µ) ∝ 1 p(β) ∝ β−1

The posterior for N data points D = {xn}Nn=1 is

p(µ, β|D) ∝ βN/2−1 exp
(
−1

2
β
(
N(µ − x̄)2 + S

))

with x̄ = 1
N
∑

n xn, S =
∑

n(xn − x̄)2.
14The non-informative prior is defined in the log domain. Define x = logσ then

px(x) = pσ(σ)
∣∣∣∣∣dσdx

∣∣∣∣∣
The non-informative prior assumes px(x) uniform. Then, since

∣∣∣∣ dx
dσ

∣∣∣∣ = σ−1 we obtainpσ(σ) ∝ σ−1. In terms of β, we

get pβ(β) ∝ β−1.
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Details. MK 33.4

Bayesian posterior for Gaussian: Variational solution

We approximate the posterior p(µ, β|D) by a factorized variational distribution
q(µ, β) = qµ(µ)qβ(β).

The variational approximation is computed by minimizing

KL(q|p) =

∫
dµdβq(µ, β) log

q(µ, β)
p(µ, β|D)

=

∫
dµqµ(µ) log qµ(µ) +

∫
dβqβ(β) log qβ(β)

−
∫

dµdσqµ(µ)qβ(β) log p(µ, β|D)
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Details. MK 33.4

Bayesian posterior for Gaussian: Variational solution

We optimize with respect to qµ(µ) subject to normalization constraint:

L = KL(q|p) + λ1

(∫
dµqµ(µ) − 1

)
+ λ2

(∫
dβqβ(β) − 1

)
∂L

∂qµ(µ)
= log qµ(µ) + 1 −

∫
dβqβ(β) log p(µ, β|D) + λ1

= log qµ(µ) +

∫
dβqβ(β)

1
2
βN(µ − x̄)2 + const.

= log qµ(µ) +
1
2
β̄N(µ − x̄)2 + const. = 0

with β̄ =
∫

dβqβ(β)β and the constant term contains all terms independent of µ.
Thus, the solution qµ is a Gaussian distribution with mean x̄ and variance (Nβ̄)−1.

NB: qµ depends on qβ which we still have to determine!

Bert Kappen ML 114



Details. MK 33.4

Bayesian posterior for Gaussian: Variational solution

We optimize with respect to qβ(β) subject to normalization constraint:

∂L
∂qβ(β)

= log qβ(β) + 1 −
∫

dµqµ(µ) log p(µ, β|D) + λ2

= log qβ(β) + 1 −
∫

dµqµ(µ)
(
log β

N
2−1 − 1

2
β
(
N(µ − x̄)2 + S

))
+ λ2

= log qβ(β) − log β
N
2−1 +

1
2
β

(
1
β̄

+ S
)

+ const.

= log qβ(β) − log
(
βc−1e−β/s

)
+ const.

with the constant term contains all terms independent of β. In the second step we
used

∫
dµqµ(µ)(µ − x̄)2 = (Nβ̄)−1 and we defined c = N

2 ,
1
s = 1

2

(
1
β̄

+ S
)
.

Thus, qβ(β) = Γ(β|c, s) the Gamma distribution with parameters c, s. 15

15The Gamma distribution is defined for non-negative x as

Γ(x|c, s) =
1
Z

(x
s

)c−1
exp

(
−x

s

)
Z = Γ(c)s
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Details. MK 33.4

Bayesian posterior for Gaussian: Variational solution

NB: qβ depends on β̄ which is given in terms of qβ.

We can thus solve for β̄ self-consistently.

β̄ =

∫
dβΓ(β|c, s)β = cs =

N
1
β̄

+ S

which has solution β̄ = N−1
S .

The final solution is

qµ(µ) = N
(
µ|x̄, S

N(N − 1)

)
qβ(β) = Γ(β|c, s) c =

N
2

1
s

=
NS

2(N − 1)

Note, that the variational approximation has mean µ̄ = x̄ and σ̄2 = S
N−1.
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Details. MK 33.4

Bayesian posterior for Gaussian: Variational solution

Solid: p(µ, σ|D). Dashed: It-
erative optimization of qµ (b,d)
and qσ (c,e) from initial (a)
converges in 15 iterations (f)
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The solution can also be obtained numerically by optimizing for qµ for fixed qβ and
vise versa.
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Variational multi-layered perceptron

[Barber and Bishop, 1998] develops the variational approximation for the Bayesian
posterior of multi-layered perceptron using a multi-variate Gaussian distribution.

They consider a two-layer neural network with n inputs and one output

f (x,w) =

H∑
i=1

viσ(
n∑

j=1

ui jx j) w = {vi, ui j}

p(t|x,w) ∝ exp
(
−1

2
( f (x,w) − t)2

)
The likelihood and prior

p(D|w) = exp

−1
2

∑
µ

( f (xµ,w) − tµ)2

 p(w) ∝ exp
(
−1

2
w′Aw

)

with A a symmetric matrix.
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Variational multi-layered perceptron

The posterior p(w|D) is approximated using the variational approximation with a
multivariate Gaussian distribution q(w)

KL(q|p) =

∫
dwq(w) log q(w) −

∫
dwq(w) log p(w|D)

=

∫
dwq(w) log q(w) +

1
2

∑
µ

∫
dwq(w) ( f (xµ,w) − tµ)2

+
1
2

∫
dwq(w)w′Aw

The entropy and quadratic term are easy to compute. The data term involve terms
as ∫

dwq(w) f (x,w)2 =

∫
dwq(w)

∑
ii′

vivi′σ

∑
j

ui jx j

σ
∑

j′
ui′ j′x j′


These can be reduced to 1-dimensional Gaussian integrals as we have seen in the
Laplace approximation.

Bert Kappen ML 119



Entropy of multivariate Gaussian

D dimensional Gaussian with mean mi and covariance matrix Σi j

p(x|m,Σ) = (2π)−D/2|Σ|−1/2 exp
(
−1

2
(x − m)′Σ−1(x − m)

)
Entropy

H =

∫
dDxp(x|m,Σ) log p(x|m,Σ)

= − log
(
(2π)−D/2|Σ|−1/2

)
+

1
2

D∑
i, j

Σ−1
i j

∫
dDxp(x|m,Σ)(x − m)i(x − m) j

= − log
(
(2π)−D/2|Σ|−1/2

)
+

D
2

where we used
∫

dDxp(x|m,Σ)(x−m)i(x−m) j = Σi j and |Σ| is the determinant of Σ.
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Other terms

The quadratic term∫
dwq(w|m,C)w′Aw =

∫
dwq(w|m,C)

(
(w − m)′A(w − m) + 2m′Aw − m′Am

)
= Tr(CA) + m′Am

The data term contains terms of the form〈(
c + d′w +

1
2

w′Aw
)
σ

(
a′w + a0

)
σ(

(
b′w + b0

)〉
N(w|0,I)

These can be reduced to one dimensional integrals [Barber and Bishop, 1998].
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The KL(q|p) is optimized using gradient descend in the parameters of C,m of
q(w|C,m). Bayesian prediction for new data point x is approximated as

〈 f (x)〉 =

∫
dwp(w|D) f (x,w) ≈

∫
dw

H∑
i=1

viσ

∑
j

ui jx j

 q(w|C∗,m∗)
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Variational multi-layered perceptron

Application to Boston housing data. 13 inputs and one continuous output, 128
training samples, 250 test samples.

Covariance matrix of q is diagonal + rank one: C = diag(σ2
1, . . . , σ

2
k) +

∑b
i=1 sis′i with

si = (si1, . . . , sik). This choice reduces the number of free parameters in q from
k(k + 1)/2 to (b + 1)k with k the number of weights in the neural network.

Bert Kappen ML 123



Deterministic approximation for spin models: Mean field
approximation

• Mean field approximation

– MF approximation for the 2d Ising model
– relation of MF equation to stochastic dynamics
– convergence of sequential updating
– application of the MF approximation to the SK model

• Linear response method

• the TAP approximation
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The (naive) mean field approximation for spin system

Consider x = (x1, . . . , xN) with xi = ±1 and 16 17

p(x) =
1
Z

exp (−E(x)) E(x) = −
∑
(i j)

wi jxix j −
∑

i

θixi Z =
∑

x

exp (−E(x))

Assume a factorized variational distribution: q(x) =
∏N

i=1 qi(xi). q is found by mini-
mizing

KL(q|p) =
∑

x

q(x) log
q(x)
p(x)

=
∑

x

q(x) log q(x) +
∑

x

q(x)E(x) − log Z

〈E〉q = −
∑
(i j)

wi j

〈
xix j

〉
q
−

∑
i

hi 〈xi〉q = −
∑
(i j)

wi jmim j −
∑

i

θimi

with 〈xi〉q = mi.

16∑
(i j) = 1

2
∑N

i=1
∑N

j=1, j,i denotes the sum over all pairs.
17We assume β = 1 as it can be absorbed in the couplings wi j, θi.
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The (naive) mean field approximation for spin system

We can express qi(xi) in terms of mi as qi(xi) = 1
2(1 + mixi). Then

S = −
∑

x

q(x) log q(x) = −
∑

x

q(x)
n∑

i=1

log qi(xi) = −
N∑

i=1

∑
xi

qi(xi) log qi(xi)

= −1
2

N∑
i=1

(
(1 + mi) log

1
2

(1 + mi) + (1 − mi) log
1
2

(1 − mi)
)

18

KL(q|p) = −S + 〈E〉q = −
∑
(i j)

wi jmim j −
∑

i

θimi

+
∑

i

1
2

(
(1 + mi) log

1
2

(1 + mi) + (1 − mi) log
1
2

(1 − mi)
)

18Where we used
∑

x q(x) log qi(xi) =
∑

xi
∑

x\i q(x, x\i) log qi(xi) =
∑

xi q(xi) log qi(xi) =
∑

xi qi(xi) log qi(xi)
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We find the minimum by differentiation:

∂KL(q|p)
∂mi

= −
∑
j,i

wi jm j − θi +
1
2

log
1 + mi

1 − mi
= 0

It is easy to show that 1
2 log 1+mi

1−mi
= ai = tanh−1(mi) 19 Thus,

mi = tanh

∑
j,i

wi jm j + θi


are the mean field equations.

19Exercise: show this relation. Hint: we can define the distribution over a single bit x = ±1 as q(x) = 1
2(1 + mx) but

also in the exponential form as q(x) = eax
ea+e−a . 1) show that m = tanh(a). Subsequently, show that tanh

(
1
2 log 1+m

1−m

)
= m,

which proves the result.
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MF approximation for the 2D Ising model

In the case of the 2d Ising model, all couplings wi j = w for neighbouring spins and
zero otherwise and the external field θi = θ. Thus, mi = m and

m = tanh(Cwm + θ)

with C the number of neighbours in the lattice (4 for square lattice).
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For w < wc, KL is convex in m.
For w > wc KL is not convex in m (has 2
minima).

Top row: KL(q|p) versus m for the 2d Ising model for w = 0.1, 0.25, 0.4. Bottom row: tanh(4wm)
versus m for same values of w. w has a critical value wc = 0.25 separating two phases.20

20In physics language, the coupling is w = 1
T with T the temperature. Then the MF estimate of Tc = 4. The exact

value is Tc = 2.27.
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MF approximation for the 2D Ising model
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Relation of MF equation to Gibbs sampling

It is instructive to understand the relation between the mean field equations and
the stochastic dynamics of the spin system, such as Gibbs sampling.

Remember that for Gibbs sampling we sample xi from the conditional distribution
p(xi|x\i).

E(x) = −
∑
(i j)

wi jxix j = −xihi(x\i) − 1
2

∑
k,i,l,i,k,l

wklxkxl

p(xi|x\i) =
e−E(xi,x\i)∑
x′i e−E(x′i ,x\i)

=
exihi(x\i)∑
x′i ex′ihi(x\i)

= σ
(
xihi(x\i)

)
with hi(x\i) =

∑
j,i wi jx j.

We can define a Markov process by sampling in parallel 21 for all spins

T (x′|x) =

N∏
i=1

σ
(
x′ihi(x\i)

)
21The same result is obtained using sequential dynamics, where one spin at the time is updated.
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Relation of MF equation to Gibbs sampling

The dynamical evolution of the distribution is pt+1(x′) =
∑

x T (x′|x)pt(x) and22

〈xi〉t+1 =
∑

x′
x′i pt+1(x′) =

∑
x,x′

x′iT (x′|x)pt(x) =
〈
tanh

(
hi(x\i)

)〉
t

Thus, the stationary condition pt → p∞ is

〈xi〉 =
〈
tanh

(
hi(x\i)

)〉
hi(x\i) =

∑
j,i

wi jx j

This is an exact relation. It looks like the MF equations, except the average is
outside the tanh.

22 ∑
x′

x′iT (x′|x) =
∑
x′i

x′iσ
(
x′ihi(x\i)

)∏
j,i

∑
x′j
σ

(
x′jh j(x\ j)

)
= σ

(
hi(x\i)

)
− σ

(
−hi(x\i)

)
= tanh(hi(x\i))
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Relation of MF equation to Gibbs sampling

In a ferromagnetic model with wi j =
w0

i j
N with w0

i j > 0 the fluctuations in hi(x\i) vanish
when N → ∞:

〈
hi(x\i)

〉
=

1
N

∑
j,i

w0
i j

〈
x j

〉
= O(1) V(hi(x\i)) =

1
N2

∑
j,i

(w0
i j)

2V(x j) = O
(

1
N

)

Thus, hi(x\i) ≈ 〈
hi(x\i)

〉
in the large N limit and the mean field equations become

exact:

mi = tanh(
〈
hi(x\i)

〉
) = tanh

∑
j

wi jm j


The key properties for this to hold are: N → ∞, ferromagnetic couplings wi j > 0
and each spin is coupled to O(N) other spins.
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Convergence of sequential MF iterations

The mean field approximation is computed by minimizing 23

KL(q|p) =
∑

i

∑
xi

qi(xi) log qi(xi) −
∑

x

∏
i

qi(xi) log p(x)

The mean field equations are given by the coupled system of equations ∂KL(q|p)
∂qi(xi)

= 0.

The idea of coordinate descent, aka sequential updating, is to update one of the
terms of qi(xi) at the time, while keeping the other terms

∏
j,i q j(x j) fixed. Since

the update rule results from setting the gradient ∂KL(q|p)
∂qi(xi)

= 0, updating qi(xi) is
equivalent to a minimization of KL(q|p) with respect to qi(xi) for fixed q j(x j) and
thus in each iteration

KL(qnew
i

∏
j,i

qold
j |p) ≤ KL(qold

i

∏
j,i

qold
j |p)

Thus, KL(q|p) decreases in each coordinate descent iteration. Therefore, coordi-
nate descent converges to a (local) minimum of KL(q|p).

23Sums are replaced by integrals if x is continuous
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(Non)-convexity of KL(q|p)
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KL(q|p) vs. 1
2(1 + m1), 1

2(1 + m2) for E(x) = −wx1x2.

KL(q|p) is convex in m1 for fixed m2 and visa versa, but not convex in (m1,m2).
There may be more than one solution (local minima)

Parallel updating (fixed point iteration) is faster than sequential updating and usu-
ally preferred, but convergence is not guaranteed.
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The SK model

The Sherrington-Kirkpatrick model is an Ising model of a spin glass of N fully con-
nected spins [Sherrington and Kirkpatrick, 1975].

p(x) =
1
Z

exp (−βE(x)) E(x) = −
∑
(i j)

wi jxix j −
∑

i

θixi

with wi j ∈ N(J0/N, J2/N) (so wi j = 1
N J0 ± 1√

N
J).

One can compute the phase diagram in the limit N → ∞ and by averag-
ing over the disorder wi j and θi = 0 using the so-called replica method.

Phase diagram of the SK model. β = (kBT )−1.
The model displays a paramagnetic, ferromag-
netic and spin-glass phase.

We will discuss the details of the SK model later when we treat the replica method.
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Accuracy MF approximation for SK model

Accuracy of the MF approximation versus β in an SK model with N = 100 spins, wi j ∈ N(0, 1/N), θi ∈
N(0, 1). Magnetization RMS values Rm =

√
1
N
∑N

i=1 m2
i (solid lines) of MF approximation and MCMC

estimates. The MCMC values are proxies for the exact values. RMS error between MF and MCMC
(dashed lines).

[Kappen and Spanjers, 1999]
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Linear response correction

We can also compute the correlations in the mean field approximation. The crucial
observation is that both the mean firing rates and the correlations can be computed
as derivatives of the partition function:

Z =
∑

x

e
∑

(i j) wi jxix j+
∑

i θixi

〈xi〉 =
∂ log Z
∂θi

χi j ≡
〈
xix j

〉
− 〈xi〉

〈
x j

〉
=
∂2 log Z
∂θi∂θ j

=
∂ 〈xi〉
∂θ j

≈ ∂mi

∂θ j

where in the last step we used the MF approximation for 〈xi〉.
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Linear response correction

The mean field equations give us an implicit relation between mi and θ j. We con-
sider how the m j change if we change θi: 24

mi + δmi = tanh

∑
j

wi j(m j + δm j) + θi + δθi


= tanh

∑
j

wi jm j + θi

 +

∑
j

wi jδm j + δθi

 (1 − m2
i )

δmi

1 − m2
i

=
∑

j

wi jδm j + δθi

∑
j

 δi j

1 − m2
i

− wi j

 δm j

δθi
= 1

The solution is

χi j =
δm j

δθi
= A−1

i j Ai j =
δi j

1 − m2
i

− wi j

24We use that the derivative tanh′
(∑

j wi jm j + θi
)

= 1/ cosh2
(∑

j wi jm j + θi
)

= 1 − tanh2
(∑

j wi jm j + θi
)

= 1 − m2
i .
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Accuracy of linear response approximation for SK model

Accuracy of the LR approximation versus β in a SK model with N = 100 spins, wi j ∈ N(0, 1/N), θi ∈
N(0, 1). Correlation χ RMS values Rχ =

√
2

N(N−1)
∑

i> j χ
2
i j (solid lines) of LR approximation (Tap

O(w)) and MCMC estimates. The MCMC values are proxies for the exact values. RMS error
between LR correlations and MCMC (dashed lines).

[Kappen and Spanjers, 1999]
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The TAP approximation

There exists a higher order version of the mean field approximation due
to Thouless, Anderson and Palmer, known as the TAP approximation
[Thouless et al., 1977]. For the Ising model it is given as

mi = tanh

∑
j

wi jm j + θi − mi

∑
j

w2
i j(1 − m2

j)


An elegant derivation of this result is due to Plefka [Plefka, 1982]. The TAP approx-
imation is exact for the SK model when N → ∞ in the P phase and the F phase
above the AT line.
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The TAP approximation
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Deterministic approximation for spin models: Belief
propagation

• (Loopy) belief propagation

• Derivation by the Bethe free energy
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Belief propagation [Pearl, 1988]

Consider a distribution p(x1, x2, x3, x4, x5) = 1
Zψ(x1, x2)ψ(x2, x3)ψ(x3, x4)ψ(x3, x5).

We wish to compute

p(x3) =
∑

x1,x2,x4,x5

p(x1, x2, x3, x4, x5)

∝
∑

x2

∑
x1

ψ(x1, x2)︸         ︷︷         ︸
m12(x2)

ψ(x2, x3)

︸                          ︷︷                          ︸
m23(x3)

∑
x4

ψ(x3, x4)︸         ︷︷         ︸
m43(x3)

∑
x5

ψ(x3, x5)︸         ︷︷         ︸
m53(x3)

= m23(x3)m43(x3)m53(x3)
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Belief propagation

For an arbitrary tree, we initialize messages as 1 at all the leaves and pass mes-
sages throughout the tree

mi j(x j) =
∑

xi

ψ(xi, x j)
∏

k∈N(i)\ j

mki(xi)

with N(i) the set of neighbors of node i in the graph. The marginal probability at
any node is p(xi) ∝∏

k∈N(i) mki(xi).
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Loopy belief propagation

BP is exact on trees (graphs without loops). Loopy belief propagation is the same
algorithm on a loopy graph.

Consider the undirected graphical model with single node and pair-wise interac-
tions 25

p(x) =
1
Z

∏
i j

ψi j(xi, x j)
∏

i

ψi(xi)

The BP equations take the form

mi j(x j) ∝
∑

xi

ψi j(xi, x j)ψi(xi)
∏

k∈N(i)\ j

mki(xi) (1)

Initialize all messages mi j(x j) = 1 and iterate until convergence (which is not guar-
anteed!).

25For instance, the Ising model has ψi j(xi, x j) = ewi jxix j and ψi(xi) = eθixi.
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Loopy belief propagation

After convergence the BP estimates of the marginals (aka the beliefs) are

bi(xi) ∝ ψi(xi)
∏

k∈N(i)

mki(xi)

bi j(xi, x j) ∝ ψi j(xi, x j)ψi(xi)ψ j(x j)
∏

k∈N(i)\ j

mki(xi)
∏

l∈N( j)\i
ml j(x j) (2)
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Derivation of BP: the Bethe free energy [Yedidia et al., 2001]

Consider the so-called Bethe free energy

F({bi j, bi}) = −
∑
i, j

∑
xi,x j

bi j(xi, x j) logψi j(xi, x j) −
∑

i

∑
xi

bi(xi) logψi(xi)

+
∑
i, j

∑
xi,x j

bi j(xi, x j) log bi j(xi, x j) −
∑

i

(qi − 1)
∑

xi

bi(xi) log bi(xi)

The first line is the average energy under the beliefs. The second line is the entropy
of all pair beliefs bi j from which we subtract single variable entropies to compensate
for overcounting. qi is the number of neighbors of node i in the graph.

Since F({bi j, bi}) is a difference of entropies and therefore not convex.

Thm: The extremal points of the Bethe free energy are the BP equations.
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Derivation of BP: the Bethe free energy [Yedidia et al., 2001]

Proof. We add Lagrange multiplier terms

L = F({bi j, bi}) +
∑

i j

∑
x j

λi j(x j)

∑
xi

bi j(xi, x j) − b j(x j)

 +

∑
i j

γi j

∑
xi,x j

bi j(xi, x j) − 1

 +
∑

i

γi

∑
xi

bi(xi) − 1


Differentiating

∂L
∂bi j(xi, x j)

= log
bi j(xi, x j)
ψi j(xi, x j)

+ 1 + λi j(x j) + λ ji(xi) + γi j = 0

∂L
∂bi(xi)

= − logψi(xi) − (qi − 1)
(
log bi(xi) + 1

) − ∑
j∈N(i)

λ ji(xi) + γi = 0
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Thus

bi j(xi, x j) ∝ ψi j(xi, x j) exp
(
λi j(x j) + λ ji(xi)

)
bi(xi) ∝ ψi(xi)

1
1−qi exp

 1
qi − 1

∑
j∈N(i)

λ ji(xi)


which is identical to Eqs. 2 where we defined the messages through λ ji(xi) =

logψi(xi) +
∑

k∈N(i)\ j log mki(xi). 26

26bi j(xi, x j) follows by direct substitution and

bi(xi) ∝ ψi(xi)
1

1−qi exp

 qi
qi − 1

logψi(xi) +
1

qi − 1

∑
j∈N(i)

∑
k∈N(i)\ j

log mki(xi)


= ψi(xi) exp

 1
qi − 1

∑
k∈N(i)

∑
j∈N(i)\k

log mki(xi)

 = ψi(xi) exp

 ∑
k∈N(i)

log mki(xi)


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Finally, since

bi(xi) ∝ ψi(xi)
∏

k∈N(i)

mki(xi)

bi j(xi, x j) ∝ ψi j(xi, x j)ψi(xi)ψ j(x j)
∏

k∈N(i)\ j

mki(xi)
∏

l∈N( j)\i
ml j(x j)

The marginal constraint b j(x j) =
∑

xi bi j(xi, x j) becomes

ψ j(x j)
∏

l∈N( j)

ml j(x j) ∝ ψ j(x j)
∏

l∈N( j)\i
ml j(x j)

∑
xi

ψi j(xi, x j)ψi(xi)
∏

k∈N(i)\ j

mki(xi)

mi j(x j) ∝
∑

xi

ψi j(xi, x j)ψi(xi)
∏

k∈N(i)\ j

mki(xi)

which are the BP equations Eq. 3. �
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Deterministic approximation for spin models: Belief
propagation (continued)

• Convergence of BP

• Max product version of BP

• Factor graph version of BP

• Applications of BP

– Error correcting codes
– Clustering
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Convergence of BP [Mooij and Kappen, 2007]

Belief propagation is a (parallel) fixed point iteration algorithm mt+1
i = fi(mt) with i

labeling the different messages. When does this converge?

Linear case: Consider the n dimensional linear system of equations (A − 1)x = b
with A an n × n matrix, 1 the unit matrix and b a vector and denote x∗ the solution.
We can compute this solution by fixed point iteration starting from a random initial
x0

xt+1 = Axt − b

with t labeling the iterations, because when t → ∞ we obtain x∞ = Ax∞ − b or
(A − 1)x∞ = b.

Define the spectral radius of a matrix A as ρ(A) = maxi |λi|. The fixed point iteration
converges from any initial x0 to x∞ = x∗ provided that ρ(A) < 1.
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Convergence of BP [Mooij and Kappen, 2007]

Proof. Denote y = x − x∗. Then in terms of y the fixed point iteration becomes
yt+1 = Ayt and should converge to y∞ = 0. Suppose that A has eigenvectors vk and
eigenvalues λk, k = 1, . . . , n. 27. We can write yt on the basis of eigenvectors of A
as yt =

∑n
k=1 yt

kvk with yt
k = v′k · yt28. Then the fixed point iteration becomes

yt+1
k = λkyt

k, k = 1, . . . , n

independent for each k. The solution is yt
k = y0

k(λk)t and |yt
k| → 0 provided that

|λk| < 1 for all k.

�

NB: the convergence criterion is independent of initial state y0
k, ie. convergence is

global.

27The eigenvalues of A are real when A is a symmetric matrix and complex valued when A is not symmetric.
28’ denotes transpose
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Convergence of BP [Mooij and Kappen, 2007]

Non-linear case: For a non-linear n dimensional mapping xt+1
i = fi(xt) a linear

stability analysis can be performed around the fixed point x∗ that is a solution of
x∗i = fi(x∗).

Write xt
i = x∗i + δxt

i. Then

xt+1
i = fi(x∗ + δxt) ≈ fi(x∗) +

∑
j

δxt
jAi j

with Ai j =
∂ fi(x)
∂x j

∣∣∣∣
x=x∗

. The fixed point x∗ is (locally) stable if ρ(A) < 1. This means

that x∗ is an attractive fixed point when the initial point x0 is sufficiently near x∗.

But local stability does not imply that xt → x∗ for any initial x0.
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Convergence of BP [Mooij and Kappen, 2007]

Contractions A mapping xt+1 = f (xt) is called a contraction if for any x, y

d( f (x), f (y)) ≤ Kd(x, y)

with d(x, y) any distance measure between x, y and 0 ≤ K < 1. If f is a contraction,
the sequence x, f (x), f 2(x), . . . converges to a fixed point x∞ independent of x.

Thm: A mapping xt+1 = f (xt) is a contraction if ∂ fi(x)
∂x j

= Bi(x)Ai j, Ai j ≥ 0 and

|Bi(x)| ≤ 1 and ρ(A) < 1. 29

29One might intuitively think that the simpler statement holds, that f is a contraction if

ρ(A(x)) < 1 Ai j(x) =
∂ fi(x)
∂x j

for all x, but this is in general not true (it is true in two dimensions).
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BP for the binary spin model

Consider the binary spin model p(x) = 1
Ze

∑
(i j) wi jxix j+

∑
i θixi. The BP equations are

mt+1
i j (x j) ∝

∑
xi

ewi jxix j+θixi
∏

j∈N(i)\ j

mt
ki(xi)

The messages mi j(x j) are distributions over a single bit x j and are specified by a single number.
Convenient parametrizations are either µi j or ai j:

mi j(x j) =
1
2

(1 + µi jx j) =
eai jx j

2 cosh(ai j)

It is easy to show that µi j and ai j are related as µi j = tanh(ai j). In terms of ai j the BP equation
becomes30

mt+1
i j (x j) =

1
Z

∑
xi

exp

wi jxix j + θixi +
∑

k∈N(i)\ j

at
kixi

 =
1
Z

2 cosh

wi jx j + θi +
∑

k∈N(i)\ j

at
ki


µt+1

i j =
mt+1

i j (x j = 1) − mt+1
i j (x j = −1)

mt+1
i j (x j = 1) + mt+1

i j (x j = −1)
= tanh

θi +
∑

k∈N(i)\ j

at
ki

 tanh(wi j)

30In the last step we use the identity cosh(a + b) = cosh(a) cosh(b) + sinh(a) sinh(b) with a = wi jx j and b = θi +∑
k∈N(i)\ j at

ki.
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Convergence of BP [Mooij and Kappen, 2007]

The BP equations for the binary spin model are of the form

µt+1
i j = tanh

θi +
∑

k∈N(i)\ j

at
ki

 tanh(wi j) (3)

This defines a map at+1
i j = fi j(at). We check whether this map is a contraction. The

derivative is 31

∂at+1
i j

∂at
i′ j′

=
dat+1

i j

dµt+1
i j

∂µt+1
i j

∂at
i′ j′

=
1 − tanh2

(
θi +

∑
k∈N(i)\ j at

ki)
)

1 − µt+1
i j (at)

sign(wi j)︸                                           ︷︷                                           ︸
Bi j(at)

tanh(|wi j|)δ j′i
(
1 − δi′ j

)︸                      ︷︷                      ︸
Ai j,i′ j′

It is easy to show that |Bi j(at)| ≤ 132 and A has non-negative entries. Thus, a
sufficient condition for the convergence of parallel BP is that ρ(A) < 1.

31Since µ = tanh(a) we have dµ
da = 1

cosh2(a)
= 1 − tanh2(a) = 1 − µ2 = da

dµ
−1

.
32Substitute Eq. 3.
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Note, that this condition is independent of θi. The bound can be further improved
for θi , 0.
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Convergence of BP [Mooij and Kappen, 2007]

Ising model with uniform coupling and external field. Spectral bounds (c,e,f) are better than other
bounds.
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Uniqueness of Gibbs measure [Tatikonda and Jordan, 2012]

Uniqueness of the Gibbs measure on the computational tree means that BP fixed
point equation

µi j = tanh

θi +
∑

k∈N(i)\ j

aki

 tanh(wi j)

has unique solution

In this case with N = 4, θi = 0,wi j = w we find µ = tanh(2a) tanh(w). For small w the
solution is µ = a = 0. Linear stability analysis around this solution yields instability
when the slope 2 tanh(w) = 1 or w = 0.5493 (grey areas).
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Convergence of BP [Mooij and Kappen, 2007]

SK model with couplings wi j ∈ N(J0, σ
2
J) and zero external field. The results are averages over 40

runs. Lines are mean bounds and grey areas are one std. Spectral bound (d) is better than other
bounds.
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Factor graph representation [Kschischang et al., 2001]

p(A, S ,T, L, E, B, X,D) = p(A)p(S )p(T |A)p(L|S )p(E|T, L)p(B|S )p(X|E)p(D|E, B)

One can write a probabilty distribution as a factor graph. This graph has two types
of nodes: Variables labeled as i, j, . . . and the factors I, J, . . ., that are subsets of
variables.

Factor graph version of BP has two types of messages µi→I and µI→i:

µ′j→I(x j) ∝
∏

J∈N j\I
µJ→ j(x j) µ′I→i(xi) ∝

∑
xI\i

ψI(xI)
∏
j∈I\i

µ j→I(x j)

Ni is the set of factors that contain variable i.
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Max product [Pearl, 1988]

The BP message passing rule

mi j(x j) ∝
∑

xi

ψi j(xi, x j)ψi(xi)
∏

j∈N(i)\ j

mki(xi) bi(xi) ∝ ψi(xi)
∏
j∈N(i)

m ji(xi)

is also know as the sum-product algorithm (a sum of products).

A related algorithm is the max-product algorithm

mi j(x j) ∝ max
xi

ψi j(xi, x j)ψi(xi)
∏

k∈N(i)\ j

mki(xi) bi(xi) ∝ ψi(xi)
∏
j∈N(i)

m ji(xi)

that can be used to find the maximum of p(x) = 1
Z
∏

(i j) ψi j(xi, x j)
∏

i ψi(xi).

The max-product solution is x∗ = (x∗1, . . . , x
∗
n) with x∗i = argmaxxi

bi(xi)

The max-product algorithm is exact when the graph is a tree. For graphs with
loops max-product has somewhat worse convergence than sum-product. See
[Globerson and Jaakkola, 2007] for improved versions of max-product and its rela-
tion to linear programming relaxations.
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Max product [Pearl, 1988]

It is sometimes convenient to write a logarithmic version of the max product algo-
rithm with ψi j(xi, x j) = eEi j(xi,x j), ψi(xi) = eEi(xi) and mi j(x j) = eµi j(x j):

µi j(x j) ∝ max
xi

Ei j(xi, x j) + Ei(xi) +
∑

k∈N(i)\ j

µki(xi)


This version is sometimes referred to as the max-sum algorithm (but it is just the
same thing of course).
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Applications of BP: Error correction [Frey and MacKay, 1998]

Consider sending bits 0,1 over a noisy channel. Each bit is corrupted by Gaussian
noise: yk = xk ± ξk with Vξk = σ2.

The received bit is computed by thresholding y: z = Θ
(
y − 1

2

)
.

When sending a single bit, the probability that an error occurs is

p(z , x) = N(y >
1
2
|x = 0, σ2)p(x = 0) +N(y <

1
2
|x = 1, σ2)p(x = 1)

= N(y >
1
2
|x = 0, σ2)
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Applications of BP: Error correction [Frey and MacKay, 1998]

We want to send a message uk, k = 1, . . . ,K. We use a longer message of
x1, . . . , xN to be able to do error correction at the receiving side. The rate of the
code is K/N.

For instance, a very simple repetition code with N = 2K is x2k−1 = x2k = uk has rate
1/2. The error is corrected by thresholding the average: zk = Θ

(
1
2(y2k−1 + y2k) − 1

2

)
.

1
2(y2k−1 + y2k) is Gaussian distributed with mean value uk and variance σ2/2. The
probability of error is now33

p(zk , uk) = p(zk = 1|uk = 0)p(uk = 0) + p(zk = 0|uk = 1)p(uk = 1)

= N
(
y >

1
2
|u = 0, σ2/2

)
which is smaller.

33We assume the prior probability p(uk = 0) = p(uk = 0) = 1
2 .

Bert Kappen ML 166



Applications of BP: Error correction [Frey and MacKay, 1998]

More sophisticated codes can be designed, such as Hamming codes. The mes-
sage u = (u1, . . . , uK) is encoded as x = (u1, . . . , uK, xK+1, . . . , xN). See fig. 3a
below.

The xK+1:N are required to satisfy parity checks p(xi|x1:K) = δ
(
xi,

∑
j∈Qi x j

)
, i =

K + 1, . . . ,N with Qi a subset of of variables in u. 34 We can view the decoding as
inference on x in the graphical model

p(x|y) ∝
K∏

i=1

p(xi)
N∏

i=K+1

p(xi|x1:K)
N∏

k=1

p(yk|xk)

where y1:N is the observed channel output. p(yk|xk) is the noise model that encodes
how the channel corrupts the bits.

34We take summation modulo 2: for instance 0+1+1 = 0. In the more powerful LDPCC codes, the u are not explicitly
represented. Instead x = Mu with M a N × K matrix (mod 2 addition).
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Applications of BP: Error correction [Frey and MacKay, 1998]
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Applications of BP: Error correction [Frey and MacKay, 1998]

The application to error correction is one of the earliest [Gallager, 1963] and most
widely used applications of BP.
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Applications of BP: Clustering [Frey and Dueck, 2007]

Consider a number of data points xi, i = 1, . . . ,N with distances s(i, j) = |xi − x j|.
The objective is to cluster the points in a number of clusters.

Assign each data point i to a cluster ci ∈ {1, . . . ,N}. If ci = i, the data point i is a
cluster center. The objective is to minimize

E(c1, . . . , cN) =

N∑
i=1

s(i, ci) +

N∑
i<k

δk(ci, ck)

δk(ci, ck) = ∞ if ci = k and ck , k

= 0 otherwise

The first term aims to find a center ci near i. The second term ensures that point i
cannot choose k as its center (ci = k) if k is not a center (ck , k).

The optimization is solved using a max-sum algorithm on the factor graph.
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Applications of BP: Clustering [Frey and Dueck, 2007]

Red points are cluster centers. Preference parameter (relative weighting of the s and δ cost terms)
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controls number of clusters (D).
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Applications of BP: Clustering [Frey and Dueck, 2007]

(B,C) Mean squared error (distance between points and their cluster centers) versus number of
clusters. Affinity propagation yields better clustering than best of 10.000 k-means clusterings. (A)
15 worse clustered images and their cluster centers under the two methods.
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Applications of BP: Clustering [Frey and Dueck, 2007]

Clustering of 75066 exons, each rep-
resented as a vector of 12 expression
levels as well as their location in the
genome. A) illustration of 100 exons
that are clustered as intron (black lines
on the bottom) or as different exons
(color lines on top). (B,C) Clustering
error versus number of clusters and
comparison with K means clustering.
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Statistical physics approach to machine learning

• Replica method

• Cavity method

• Applications of BP and their analysis with replica and cavity method

– Random satisfiability
– Compressed sensing
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The replica method

In many machine learning problems, the behaviour the learning is characterized
by phase transitions.

An example is learning the parameters w of a perceptron with N inputs given a
data set D of P samples. The learning problem is to find w that minimizes the
classification error E(D,w)

E∗(D) = min
w

E(D,w)

We saw earlier, that for random data sets D in the limit of large N and P = αN,
the problem can be learned when α < 2 (E∗(D) = 0) and cannot be learned when
α > 2 (E∗(D) > 0). So there is a phase transition at α = 2.

This property hold with probability one for any data set D of a given size P and
does not depend not on the details of the particular data set. We are therefore
interested in

E∗(D) =
∑

D

p(D)E∗(D)
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The replica method

We can write E∗(D) = minw E(D,w) = − limβ→∞ 1
β

log
∫

dwe−βE(D,w) 35 . Therefore

E∗(D) = − lim
β→∞

1
β

log Z(D) Z(D) =

∫
dwe−βE(D,w)

We thus needs to compute log Z =
∑

D p(D) log Z(D).

35For large β we can use the Laplace approximation∫
dwe−βE(D,w) = e−βE(w∗,D)

∫
dwe−

β
2(w−w∗)′H(w∗)(w−w∗)

= e−βE(w∗,D)
(
2π
β

)N/2 1√
det H(w∗)

Taking the log and β→ ∞ gives the result.
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Random satisfiability [Mezard et al., 2002]

The K-satisfiability problem (K-sat) asks whether one can satisfy simultaneously a
set of M constraints between N Boolean variables yi = 0, 1, where each constraint
is a clause built as the logical OR involving K variables. An instance of 3-sat is

(¬y1 ∨ y2 ∨ ¬y3) ∧ (y1 ∨ ¬y4 ∨ y5) ∧ . . .

3-sat is at the core of combinatorial optimization theory. An efficient algorithm for
solving 3-sat would immediately lead to other algorithms for efficiently solving thou-
sands of different NP hard combinatorial problems [Garey and Johnson, 1979].
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Define xi = 2yi − 1 and

E∗(w) = min
x

E(x,w) x∗ = argminxE(x,w)

w specifies the problem instance, the K-sat problem defines the energy as

E =

M∑
a=1

Ea Ea = 2
∏

j∈V(a)

(1 + wa→ jx j)
2

with wa→ j = ±1. Each clause involves K variables x j ± 1 and is satisfied (Ea = 0 )
when at least one x j has a sign opposite to wa→ j (implementing the OR).

For instance (¬y1 ∨ y2 ∨ ¬y3) is always true (1) except when (y1, y2, y3) = (1, 0, 1).
Define w = (1,−1, 1) then E(1, 0, 1) = 1 and zero otherwise.

Can we say something about when we can solve 3 SAT (E∗ = 0) and when not
(E∗ > 0)?
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Define Z(w) =
∑

x e−βE(w,x). Then

lim
β→∞

log Z(w) = lim
β→∞

log
∑

x

e−βE(x,w) = lim
β→∞

log e−βE(w,x∗) = − lim
β→∞

βE(w, x∗) = −E∗(w)

Thus, E∗(w) = − limβ→∞ 1
β

log Z(w).

We wish to estimate E∗(w) where we average over instances of given size (number
of variables), number of clauses M and variable per clause K.
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The replica method

Powerful method to compute log Z is the replica method, which is based on the
following identity

log x = lim
n→0

1
n

(xn − 1)

36 Thus

log Z = lim
n→0

1
n

(
Zn − 1

)
We get

Z(w)n =

∑
x

e−βE(x,w)

n

=
∑

x1

. . .
∑

xn

e−β
∑

a E(xa,w)

Zn is the partition sum of n copies (replicas) of the original system. Zn can be
computed in the limit N → ∞. log Z is obtained by taking the number of copies
n→ 0!

36Proof: xn − 1 = en log x − 1 = n log x + O(n2).
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Application of replica method for machine learning

The replica method has been applied to analyze many important machine learning
problems:

The storage capacity of the Hopfield model [Amit et al., 1985]
Performance of error correcting codes [Kabashima and Saad, 1999]
Random satisfiability problem [Mezard et al., 2002]
Compressed sensing [Krzakala et al., 2012]

See also https://scholar.harvard.edu/files/madvani/files/repcavmes6.
pdf
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The replica method for the SK model

We will sketch37 the derivation of the simplest replica estimate of log Z, the so-
called replica symmetric solution, for the SK model

p(x) =
1
Z

eβ
∑

(i j) wi jxix j

with wi j Gaussian with mean J0
N and variance J2

N .

Zn =

∑
x

eβ
∑N

(i j) wi jxix j

n

= Treβ
∑n

a=1
∑

(i j) wi jxa
i xa

j = Tre
∑

(i j) wi jzi j

where a labels the different replicas and Tr =
∑

x1 . . .
∑

xn the sum over all states in
all replicas and zi j = β

∑
a xa

i xa
j.

Note, that the replicas are independent, but will get coupled when averaging over
w.

37Details of the calculation are given in later slides and [Sherrington and Kirkpatrick, 1975].
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The replica method for the SK model

1. Average over the disorder The first step is to average over w

Zn =

∫
dwp(w)Tr

∏
(i j)

ewi jzi j = Tr
∏
(i j)

∫
dwi jp(wi j)ewi jzi j

because p(w) is factorized: p(w12,w13, . . .) = p(w12)p(w13) . . ..

We use the Gaussian integral
∫

dwN(w|J0, J2)ewz = eJ0z+1
2 J2z2

. The result is 38

Zn = Tr exp

1
2
β

J0

N

∑
a

∑
i

xa
i

2

+
1
2
β2 J2

N

∑
(ab)

∑
i

xa
i xb

i

2

+
1
4
β2J2nN



38See details 1.
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The replica method for the SK model

2. Sum over states In order to be able to do the sum over states, we need to
replace the quadratic terms

(∑
i xa

i

)2
,
(∑

i xa
i xb

i

)2
by linear terms. This can be done

by using for each such term the Gaussian identity

eλa2
=

√
N√
2π

∫
dye−

N
2 y2+

√
2λNay

which introduces integration variables ya, y(ab). Note, that this replaces a2 by a.
Then all spins become independent and the result is 39

Zn = e
1
4β

2J2nN
∫ ∏

a

√
N
2π

dya

∏
(ab)

√
N
2π

dy(ab) exp

−N
2

∑
a

y2
a −

N
2

∑
(ab)

y2
(ab)

 I(y)N

I(y) =
∑

x

exp

√βJ0

∑
a

xaya + βJ
∑
(ab)

xaxby(ab)


with x = (x1, . . . , xn) the activity of a single spin in the different replicas.

39See details 2.
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For instance∑
x1,...,xN

e
βJ0
2N (∑i xi)2

=
∑

x1,...,xN

∫
dye−

N
2 y2+

√
βJ0

∑
i xiy =

∫
dye−

N
2 y2

∑
x1,...,xN

e
√
βJ0

∑N
i=1 xiy

∑
x1,...,xN

e
√
βJ0

∑
i xiy =

N∏
i=1

∑
xi

e
√
βJ0xiy = I(y)N I(y) =

∑
x

e
√
βJ0xy

∑
x1,...,xN

e
βJ0
2N (∑i xi)2

=

∫
dye−

N
2 y2

I(y)N

Sum over 2N terms replaced by one Gaussian integral!
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The replica method for the SK model

3. Replica symmetric Ansatz We evaluate the integral over ya, y(ab) in the limit
N → ∞ using the Laplace approximation

Zn =

∫
dye−βnNF(y) ≈ e−βnNF(y∗)) y∗ = min

y
F(y)

with y = {ya, y(ab)}. One makes the drastic so-called replica symmetry (RS) as-
sumption that the optimal solution is symmetric in the sense

ya →
√

J0βm y(ab) → Jβq

with only two variational parameters m, q and
√

J0β, Jβ convenient scalings.
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The replica method for the SK model

The remaining
∑

x is easily performed by introducing one more Gaussian integral.
We then take the limit of N → ∞ and then the limit of n→ 0.

The final result is 40

log Z = −βNF(m∗, q∗)

F(m, q) =
1
2

J0m2 − 1
4
βJ2(q − 1)2 − 1√

2πβ

∫
dze−z2/2 log[2 cosh

(
βJ0m + βJ

√
qz

)
]

with m∗, q∗ are obtained by minimizing F(m, q):

∂F(m, q)
∂q

= 0 → q = 1 − 1√
2π

∫
dze−z2/2sech2 (

βJ
√

qz + βJ0m
)

∂F(m, q)
∂m

= 0 → m =
1√
2π

∫
dze−z2/2 tanh

(
βJ
√

qz + βJ0m
)

40See details 3.
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The replica method for the SK model
[Sherrington and Kirkpatrick, 1975]

q,m can be solved for all values of J0, J giving the phase portrait.
q
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One can show that m, q can be interpreted as

m = 〈xi〉w q = 〈xi〉2w

where the subscript w denotes the thermal average at fixed disorder w and the
overline averages over the disorder.

Bert Kappen ML 189



High temperature
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The replica method for the SK model
[Sherrington and Kirkpatrick, 1975]

q
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We distinguish three regions:

• q = m = 0 implies that 〈xi〉w = 0 for all w41: Spins have no preferred orientation for all w. This is
the paramagnetic phase.

• m, q > 0 implies that 〈xi〉w > 0 for all w: Spins have preferred orientation for all w. This is the
ferromagnetic phase.

• The remaining region is m = 0 and q > 0. q > 0 implies that 〈xi〉w , 0 for all w. m = 0 implies that
〈xi〉w = ± with equal probability. This is the spin glass phase. This also called frozen disorder:
each spin has a random non-zero value.

41For all w means: for all w from the Gaussian distribution with given mean J0/N and variance J2/N
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The validity of the replica symmetric solution
q
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1

One can analyse the stability of the RS solution by computing the Hessian (a 1
2n(n+

1)× 1
2n(n + 1) matrix) in the RS solution m, q. The RS solution is unstable below the

AT line and is thus no longer valid.

An indication of the failure is that the RS entropy H = −∂F
∂T becomes negative at

low temperature (large J), which of course is non-physical.

Bert Kappen ML 192



Details of the replica calculation step 1

We average over the independent random variables wi j. We use the Gaussian integral∫
dwN(w|J0, J2)ewz = eJ0z+1

2 J2z2
. with zi j = β

∑
a xa

i xa
j

Zn = Tr
∏
(i j)

e
βwi j

∑
a xa

i xa
j = Tr exp

J0

N

∑
(i j)

zi j +
J2

2N

∑
(i j)

z2
i j


We use

∑
(i j)

zi j ≈ 1
2

∑
i j

zi j =
β

2

n∑
a=1

 N∑
i=1

xa
i

2

∑
(i j)

z2
i j ≈ 1

2

∑
i j

z2
i j =

β2

2

n∑
a,b=1

N∑
i, j=1

xa
i xa

j x
b
i xb

j = β2
∑
(ab)

 N∑
i=1

xa
i xb

i

2

+
β2

2
nN2

where we ignore subleading orders of N.

Substitution gives

Zn = Tr exp

1
2
β

J0

N

∑
a

∑
i

xa
i

2

+
1
2
β2 J2

N

∑
(ab)

∑
i

xa
i xb

i

2

+
1
4
β2J2nN


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Details of the replica calculation step 2

In order to be able to do the sum over states, Tr, we need to replace the quadratic terms(∑
i xa

i

)2
,
(∑

i xa
i xb

i

)2
by linear terms. This can be done by using the Gaussian identity

eλa2
=

√
N
2π

∫
dye−

1
2Ny2+

√
2λNay (4)

which replaces the a2 by a at the cost of an integral.

Thus, we must introduce integration variables ya, y(ab), one for each of the terms
(∑

i xa
i

)2
,
(∑

i xa
i xb

i

)2

. The result is

Zn = e
1
4β

2J2nN
∫ ∏

a

√
N
2π

dya

∏
(ab)

√
N
2π

dy(ab) exp

−N
2

∑
a

y2
a −

N
2

∑
(ab)

y2
(ab)

 Ĩ(y)

Ĩ(y) = Tr exp

√βJ0

∑
a

∑
i

xa
i ya + βJ

∑
(ab)

∑
i

xa
i xb

i y(ab)


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Details of the replica calculation step 2

Now, the exponent of Ĩ is a product of N terms, one for each i. Thus,

Ĩ(y) =

N∏
i=1

∑
xi

exp

√βJ0

∑
a

xa
i ya + βJ

∑
(ab)

xa
i xb

i y(ab)


 = I(y)N

I(y) =
∑

x

exp

√βJ0

∑
a

xaya + βJ
∑
(ab)

xaxby(ab)


where we have written

∑
xi

=
∑

x since all these sums are identical (dont depend on i) and with
x = (x1, . . . , xn) the activity of a single spin in the different replicas.
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Details of the replica calculation step 3

In terms of m, q we get by direct substitution 42

Zn = e
1
4β

2J2nN
∫

dmdq exp
(
−N

2
nβJ0m2 − N

4
n(n − 1)β2J2q2

)
I(m, q)N

I(m, q) =
∑

x

exp

βJ0m
∑

a

xa + β2J2q
∑
(ab)

xaxb


=

∑
x

exp

βJ0m
∑

a

xa +
1
2
β2J2q


∑

a

xa

2

− n




In order to do
∑

x we introduce another Gaussian integral using the identity Eq. 4. 43

I(m, q) = e−
n
2β

2J2q 1√
2π

∫
dze−z2/2

∑
x

exp

(βJ0m + βJ
√

qz)
∑

a

xa


= e−

n
2β

2J2q 1√
2π

∫
dze−z2/2 (

2 cosh
(
βJ0m + βJ

√
qz

))n

42We use
∑

(ab) xaxb = 1
2
∑n

a=1
∑n

b=1,b,a xaxb = 1
2

(∑n
a,b=1 xaxb −∑n

a=1(xa)2
)

= 1
2

((∑n
a xa)2 − n

)
43∑

x exp
(
(βJ0m + βJ

√
qz)

∑
a xa

)
=

∏n
a=1

∑
xa=±1 exp

(
(βJ0m + βJ

√
qz)xa

)
=

(
2 cosh(βJ0m + βJ

√
qz)

)n
.
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Details of the replica calculation step 3

To lowest order in n we obtain 44

I(m, q)N = e
−nN

(
1
2β

2J2q+ 1√
2π

∫
dze−z2/2 log[2 cosh(βJ0m+βJ

√
qz)]

)

Substituting I(m, q) in Zn, to first order in n we obtain 45

Zn =

∫
dmdqe−βnNF(m,q)

F(m, q) =
1
2

J0m2 − 1
4
βJ2(q − 1)2 − 1√

2πβ

∫
dze−z2/2 log[2 cosh

(
βJ0m + βJ

√
qz

)
]

44

1√
2π

∫
dze−z2/2 f (z)n =

1√
2π

∫
dze−z2/2en log f (z) ≈ 1 +

n√
2π

∫
dze−z2/2 log f (z) ≈ exp

(
n√
2π

∫
dze−z2/2 log f (z)

)

45Note, that the factor 1
2n(n − 1) in Zn comes from summing over all pairs of replicas (quadratic in n). But, in the limit

n→ 0 the leading order in n is −1
2n!
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Details of the replica calculation step 3

For large N we evaluate the integral in the Laplace approximation

Zn ≈ e−βnNF(m∗,q∗)

with m∗, q∗ are obtained by minimizing F(m, q):

∂F(m, q)
∂q

= 0 → q = 1 − 1√
2π

∫
dze−z2/2sech2 (

βJ
√

qz + βJ0m
)

∂F(m, q)
∂m

= 0 → m =
1√
2π

∫
dze−z2/2 tanh

(
βJ
√

qz + βJ0m
)

Finally we take the limit n→ 0 and obtain

log Z = lim
n→0

1
n

(
Zn − 1

)
=

1
n

(
e−βnNF(m∗,q∗) − 1

)
= −βNF(m∗, q∗)
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Cavity method

There is an alternative, possibly more intuitive, way to derive the MF equations for
the SK model, known as the cavity method. [Onsager, 1936]

The idea is to consider a particular spin i and to separate the energy in terms
involving xi and the rest

E = xihi + E\i E\i =
∑

(k,l),k,i,l,i

wklxkxl hi =
∑
j,i

wi jx j

Define the cavity distribution p\i =
exp(−E\i)

Z\i the distribution on the model where spin
i and all connections wi j, j , i have been removed.
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We can then write46

〈xi〉 =
〈sinh hi〉\i
〈cosh hi〉\i

(5)

where 〈·〉\i denotes average with respect to p\i.

46

Z =
∑
x\i

∑
xi

exp(xihi) exp(−E\i) =
∑
x\i

2 cosh hi exp(−E\i) = 2 〈cosh hi〉\i Z\i

〈xi〉 =
1
Z

∑
x\i

∑
xi

xi exp(xihi) exp(−E\i) =
1
Z

2 〈sinh hi〉\i Z\i =
〈sinh hi〉\i
〈cosh hi〉\i
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Cavity method

We write hi as a mean contribution and fluctuations

hi = 〈hi〉\i + ui. (6)

By construction 〈ui〉\i = 0 and we further assume that ui is symmetrically distributed
under p\i: p\i(−ui) = p\i(ui).

Substituting Eq. 6 in Eq. 5 we obtain 47

〈xi〉 = tanh(〈hi〉\i). (7)

This is the main result of the cavity method. It states that the expected firing rate
of spin i only depends on the expected value of the local field computed in the
absence of spin i.

47Since p\i(−ui) = p\i(ui) we get
〈
e−ui

〉
\i =

∫
duip(ui)e−ui =

〈
eui

〉
\i and

〈sinh(hi)〉\i =
1
2

e
〈
hi

〉
\i 〈eui

〉
\i +

1
2

e
−
〈
hi

〉
\i 〈e−ui

〉
\i = sinh(〈hi〉\i)

〈
exp ui

〉
\i

〈cosh(hi)〉\i = cosh(〈hi〉\i)
〈
exp ui

〉
\i
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Application of cavity method to SK model

As before, we consider an ensemble of random coupling matrices wi j where each
coupling is drawn from a Gaussian distribution with mean J0/N and variance J2/N.
〈hi〉\i in Eq. 7 becomes now a Gaussian random variable with

〈hi〉\i =
∑

j

wi j

〈
x j

〉
\i = J0m m =

1
N

∑
j

〈
x j

〉
\i

Var(〈hi〉\i) =
∑
j,i

〈
x j

〉2

\i Var(wi j) = J2q q =
1
N

∑
j

〈
x j

〉2

\i

Note that the mean and variance are independent of i to leading order in N.

In the replica symmetric approximation it is then assumed that m, q are also equal
to their quenched averages 〈xi〉 and 〈xi〉2, respectively.
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Application of cavity method to SK model

The quenched average of Eq. 7 results in a Gaussian integral. The result is identi-
cal to the replica symmetric solution48

m = 〈xi〉 = tanh(〈hi〉\i) =

∫
dhN(h|J0m, J2q) tanh(h)

q = 〈xi〉2 = tanh2(〈hi〉\i) =

∫
dhN(h|J0m, J2q) tanh2(h)

48Define z =
h−J0m

J
√

q . Then

m =
1√

2πJ
√

q

∫
dhe
−(h−J0m)2

2J2q tanh(h) =
1√
2π

∫
dze−z2/2 tanh(J

√
qz + J0m)

q =
1√

2πJ
√

q

∫
dhe
−(h−J0m)2

2J2q tanh2(h) =
1√
2π

∫
dze−z2/2 tanh2(J

√
qz + J0m) = 1 − 1√

2π

∫
dze−z2/2sech2(J

√
qz + J0m)
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Random satisfiability [Mezard et al., 2002]

One can describe the ground state energy structure of 3-sat in terms of ’states’,
which are ergodic components.

• 2d Ising model at high temperature is in a single (paramagnetic) state. Correla-
tions between spins i, j that are separated a distance di j decay as χi j ∝ e−di j/ξ

with ξ a finite correlation length. Far away spins are uncorrelated.

• 2d Ising model at low temperature has two states (ergodic components). In each
state correlations between spins decay as χi j ∝ e−di j/ξ. But in the symmetric
mixture p(x) = 1

2(p+(x) + p−(x)) correlations do not decay with distance.

• Complex optimization problems and frustrated sytems are characterized by
many states at different energies E: N(E) ∝ eNΣ(E) with Σ(E) the so-called
complexity. 49

In all cases, a state is a set of configurations x that are connected by finite (ie. not
O(N)) number of spin flips.

49The above paramagnetic and ferromagnetic systems have complexity zero.
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The RS solution assumes that the system has a single state. Broken RS corre-
sponds to systems having multiple states.
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Random satisfiability [Mezard et al., 2002]

Define α = M/N. K-sat has many solutions when α is small (SAT phase) and no
solutions when α is large (UNSAT phase). Random 3-sat can be analyzed with the
replica and cavity method.

(Red) Lowest energy e0 = E0/N versus α. When e0 > 0 the problem is UNSAT. (Green). Lowest
energy eth = Eth/N that can be obtained with local algorithms. (Blue) Number of states eNΣ with
E = 0.

When αd < α < αc, the clauses cause frustration, similar to the SK spin glass:
there are local minima either E = 0 or E > 0 and it is hard to find a E = 0 solution
using local methods (such as iterative improvement or simulated annealing).
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Random satisfiability [Mezard et al., 2002]

The simplest algorithm to solve the 3-sat problem is to use the max product (or
equivalently max sum) on the factor graph. Because of the zero-one nature of the
energy, each message mi→a(xi) or ma→i(xi) has only two values ±1.

The survey propagation algorithm gen-
eralizes this to three values (−1, 0, 1).
Furthermore, a message is a distribution
over these three values.

The SID (survey inspired decimation) algorithm is an iterative prodedure where
in each iteration a subset of variables are clamped to ±1 based on the survey
progapation result. In the hard regime (α = 4.2) SID confirms the solution on
existing benchmarks for N = 2000. SID obtains solutions up to instances of size
N = 100.000 where no other method can be appied. The complexity of SID is
quadratic in N.

See [Mezard and Zecchina, 2002] for details.
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Compressed sensing

Given an unknown signal which is a N-dimensional vector x = (x1, . . . , xN), we
make M measurements yi =

∑N
j=1 Fi jx j. For instance, measurements of Fourier

modes or wavelet coefficients. The observer knows the M × N matrix F and the
measurements y. His aim is to reconstruct x.

When M = N the solution is obtained by matrix inversion: x = F−1y.

When M < N the problem is underdetermined and there are many solutions.
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Compressed sensing

Compressed sensing deals with the case where M = αN with α < 1 and the signal
s (and thus the to be reconstructed x) is sparse, in the sense that only R = ρ0N of
its components are non-zero with ρ0 < 1.

In this case, exact signal reconstruction is possible whenever there are more mea-
surements than non-zero components of x: R < M, using an exhaustive enumer-
ation method. Assume x j , 0 for j ∈ A, a subset of size R, and zero otherwise.
Then we can try to solve

yi =
∑
j∈A

Fi jx j

which is an overdetermined system of M equations with R < M unknowns. For
arbitrary subset A, the system has no solution, except when A has exactly the
non-zero elements of the solution x. In this case we find the solution by inverting.
This method requires to evaluate

(
N
R

)
problems, which is exponential in N and thus

impossible in practice.
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Compressed sensing [Candes and Tao, 2005, Donoho, 2006]

A popular approximate approach to compressed sensing is to find the solution of
the following optimization problem

min
x,y=Fx

‖x‖p ‖x‖p =

N∑
i=1

|xi|p

The true solution is found by using the p = 0 norm, which is the number of non-
zero components in the vector x. However, this is as intractable as the previous
exhaustive enumeration scheme. A practical algorithm is obtained by taking the
p = 1 norm. This defines a convex optimization problem that can be solved effi-
ciently.
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Compressed sensing

N = (128)2 image o is transformed using the Haar wavelet projection x = Wo which is sparse by
construction with R = ρ0N non-zero components and ρ0 = 0.24. From x, the M measurements
y = Fx are constructed with M = αN. The figure shows reconstruction of o = W−1x for various α
and various methods.
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Compressed sensing [Krzakala et al., 2012]

Propose BP on the probability model with Gauss-Bernouilli prior and the likelihood implements the
constraints50. The messages are distributions over a continous variable and are approximated as
Gaussian distributions.

50P = M.
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Compressed sensing [Krzakala et al., 2012]

One can analyse the average case behaviour of BP for this problem. In particular,
using the replica method, one can compute the posterior probability

p(D) =

∫
dxP(x)δ

D − 1
N

∑
i

(xi − si)2

 = eNΦ(D)

that the reconstructed x is a distance D from the solution s. Furthermore, BP is
gradient flow on Φ(D).
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Compressed sensing [Krzakala et al., 2012]

Case of ρ0 = 0.4. When α > αc = 0.59 the gradient flow is towards D = 0 and x = s is recovered.
When α < αc, BP gets stuck at D > 0 (L = 1).

Using the seeding F (like growing a cristal from an initial seed), a solution D = 0 is obtained for
α > αc with αc → ρ0 for N → ∞ (compare blue and red dots).
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Compressed sensing [Krzakala et al., 2012]
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Compressed sensing [Krzakala et al., 2012]

N = (128)2 image o is transformed using the Haar wavelet projection x = Wo which is sparse by
construction with R = ρ0N non-zero components and ρ0 = 0.24. From x, the M measurements
y = Fx are constructed with M = αN. The figure shows reconstruction of o = W−1x for various α
and various methods. s-BP reconstructs without errors up to the minimal αc = ρ0.

See also this talk https://www.youtube.com/watch?v=wjit44Klh3M
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Summary

The two main statistical physics methods for analysing machine learning problems
are the replica method and the cavity method.

The replica symmetric (RS) assumption is valid when the system is in a single
state.

• Examples are the SK model in the paramagnetic state, the 3-sat problem in the
SAT phase α < αd or compressed sensing for α > αEM−BP(ρ0).

• Local methods such as MF and BP are accurate.

When the system has multiple states, local methods start to fail.

• Examples are the (SK) model in the SG phase, the 3-sat problem for αd < α < αc

and compressed sensing for ρ0 < α < αEM−BP(ρ0).

• In this case more complex methods, such as survey propagation (3-sat) or seed-
ing (compressed sensing) must be used.
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Boltzmann Machine

• Simplest case: no hidden units

– Estimating the gradient with Monte Carlo sampling or mean field theory
– Salamander retina data

• Restricted Boltzmann Machine (RBM)

– contrastive divergence
– Compressed sensing
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Boltzmann Machines

The basic idea is to treat Boltzmann-Gibbs distribution of the Ising model as a
statistical model

p(s|w) =
1
Z

exp

1
2

n∑
i=1

n∑
j=1

wi jsis j +

n∑
i=1

θisi


and use standard statistical tools to estimate its parameters.

Simplest case: no hidden units.

Learning: given a set of P training patterns sµ = (sµ1, . . . , s
µ
n) with µ = 1, . . . , P, find

w, θ such that the p(s|w, θ) ’best’ describes these data.

L(w, θ) =
1
P

∑
µ

log p(sµ1, . . . , s
µ
n|w, θ)

and maximize this function wrt to w and θ.
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We compute the gradients of L wrt wi j and θi:

log p(sµ|q) =
∑
i> j

wi js
µ
i sµj +

∑
i

θis
µ
i − log Z

∂ log p(sµ|w)
∂θi

= sµi −
log Z
∂θi

= sµi − 〈si〉
∂ log p(sµ|w)

∂wi j
= sµi sµj −

log Z
∂wi j

= sµi sµj −
〈
sis j

〉
∂L
∂θi

=
1
P

∑
µ

∂ log p(sµ|w)
∂θi

= 〈si〉c − 〈si〉

∂L
∂wi j

=
1
P

∑
µ

∂ log p(sµ|w)
∂wi j

=
〈
sis j

〉
c
−

〈
sis j

〉

with clamped statistics 〈si〉c = 1
P
∑
µ sµi ,

〈
sis j

〉
c

= 1
P
∑
µ sµi sµj computed from the data

and free statistics

〈si〉 =
∑

s

sip(s),
〈
sis j

〉
=

∑
s

sis jp(s)

computed from the Boltzmann Machine model.
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Learning by gradient ascent:

wi j := wi j + η
(〈

sis j

〉
c
−

〈
sis j

〉)
θi := θi + η(〈si〉c − 〈si〉)

with η > 0 a small learning rate.

Learning terminates when the gradients are zero. When converged, wi j, θi are such
that the first and second order statistics of the Boltzmann distribution p and of the
data are equal.

〈si〉 = 〈si〉c
〈
sis j

〉
=

〈
sis j

〉
c

Note, that learning requires evaluation of the free statistics in each iteration, which
is intractable for large models.
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Neuron spike data from salamander retina

Schneidmann 2006
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Neuron spike data from salamander retina

Empirical frequency of neural activity patterns versus frequency in models P1, P2.

P2 is the BM maximum likelihood solution. P1 is the maximum likelihood solution
for the independent spin model (wi j = 0).

KL(q|p) with q(s) = 1
P
∑
µ δs,sµ the empirical data distribution and p the BM distribu-

tion.

KL(q|pP1) ≈ 0.1 KL(q|pP2) ≈ 0.001

Schneidmann 2006
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Boltzmann Machine learning using Monte Carlo sampling

For large models the free expectations can be estimated using Monte Carlo sam-
pling

1: Compute 〈si〉c ,
〈
sis j

〉
c

from the data.
2: Start with a random initial state wi j, θi

3: for t = 1, 2, . . . do
4: Estimate 〈si〉 ,

〈
sis j

〉
using MH sampling

5: θi := θi + η(〈si〉c − 〈si〉)
6: wi j := wi j + η(

〈
sis j

〉
c
−

〈
sis j

〉
)

7: end for

The MH algorithm requires a burn-in in principle. However, since the sampling
problem does not change much between different iterations of learning, burn-in
can be ignored.
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Boltzmann Machine learning using the MF and LR
approximation [Kappen and Rodrı́guez, 1998]

For large models the free expectations can be estimated using the mean field and
linear response approximations.

1: Compute 〈si〉c ,
〈
sis j

〉
c

from the data.
2: Start with a random initial state wi j, θi

3: for t = 1, 2, . . . do
4: Estimate 〈si〉 ,

〈
sis j

〉
using MF and LR approximation

5: θi := θi + η(〈si〉c − 〈si〉)
6: wi j := wi j + η(

〈
sis j

〉
c
−

〈
sis j

〉
)

7: end for

The MF approximation for mi = 〈si〉 is given by the solution of the MF equations
mi = tanh

(∑
j wi jm j + θi

)
.

The LR approximation for
〈
sis j

〉
= χi j + mim j is given by

χi j = A−1
i j Ai j =

δi j

1 − m2
i

− wi j
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Directly solving the fixed point equations
[Kappen and Rodrı́guez, 1998]

For a BM without hidden units, one can also directly solve the fixed point equations
in the mean field and linear response approximation. Thus, no learning is needed.

From ∂L
∂θi

= 0 we compute mi = 〈si〉 = 〈si〉c.
Define

Ci j =
〈
sis j

〉
c
− 〈si〉c

〈
s j

〉
c

χ =
〈
sis j

〉
− 〈si〉

〈
s j

〉
From ∂L

∂wi j
= 0 we obtain

〈
sis j

〉
=

〈
sis j

〉
c

χi j = Ci j χ−1
i j = C−1

i j

From the LR approximation we have χ−1
i j =

δi j

1−m2
i
− wi j. Thus,

wi j =
δi j

1 − m2
i

−
(
C−1

)
i j
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From MF equations we compute θ:

θi = tanh−1(mi) −
n∑

j=1

wi jm j
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Hidden units

It is interesting to consider a BM where data is only available for a subset of the
neurons. The hidden units increase the set of distributions that can be modelled
on the visible units.

Denote visible units by xi, i = 1, . . . , n and hidden units by ha, a = 1, . . . ,m. The BM
is

p(x, h) =
1
Z

exp

 n∑
i, j=1

wi jxix j +

n∑
i=1

m∑
a=1

wiaxiha +

m∑
a,b=1

wabhahb +

n∑
i=1

θixi +

m∑
a=1

θaha


The log likelihood is

L =
1
P

∑
µ

log p(xµ) =
1
P

∑
µ

log
∑

h

p(xµ, h)

It involves an ugly sum over h.
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Restricted BM

A popular special case is the so-called restricted BM (RBM) where wab = 0 (and
often also wi j = 0):. Then

p(x, h) =
1
Z

exp

 n∑
i, j=1

wi jxix j +

n∑
i=1

θixi

 m∏
a=1

eha fa(x)

p(x) =
∑

h

p(x, h) =
1
Z

exp

 n∑
i, j=1

wi jxix j +

n∑
i=1

θixi

 m∏
a=1

2 cosh( fa(x))

p(h|x) =
p(x, h)
p(x)

=

m∏
a=1

eha fa(x)

2 cosh fa(x)

with fa(x) =
∑n

i=1 wiaxi + θa.

For given x the hidden units are uncorrelated. Their expected values

〈ha〉x = tanh fa(x) 〈hahb〉x = 〈ha〉x 〈hb〉x
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Restricted BM

The gradients are easily computed:

∂L
∂θi

= 〈xi〉c − 〈xi〉
∂L
∂wi j

=
〈
xix j

〉
c
−

〈
xix j

〉
∂L
∂θa

= 〈ha〉c − 〈ha〉
∂L
∂wia

= 〈xiha〉c − 〈xiha〉

with 〈ha〉c = 1
P
∑P
µ=1 〈ha〉xµ and 〈xiha〉c = 1

P
∑P
µ=1 xµi 〈ha〉xµ and the free statistics are

computed in the full model.

NB The complexity of the learning algorithm is similar as in the case of no hidden
units: computing the clamped statistics is linear in the size of the data and the free
statistics is exponential in the number of variables.
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Contrastive divergence [Hinton, 2002]

When wi j = 0 in addition to wab = 0, the RBM forms a bipartite graph.

Thus, given x, the ha are independent and given h, the xi are independent:

p(h|x) =

m∏
a=1

p(ha|x) p(x|h) =

n∏
i=1

p(xi|h)

The computation of the free statistics is intractable but can be computed efficiently
using the idea of contrastive divergence (CD) which alternates the following steps:
1. sample h1, . . . , hm given x1, . . . , xn

2. sample x1, . . . , xn given h1, . . . , hm

This is iterated a small number of T times from which the free statistics are com-
puted.
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RBM for collaborative filtering [Salakhutdinov et al., 2007]

The collaborative filtering problem is: given N users that have each seen and
ranked some of M movies, predict whether any of the users will like a movie that
he/she has not yet seen.

The data matrix X is N × M with N,M very large. X has many missing values.
For instance, for the Netflix data set there are N = 480.189 users and M = 17.770
movies and 100.480.507 ratings. Thus the fraction of data in X is 100.480.507/(N ∗
M) = 0.0118.

A common approach is to use singular value decomposition and write X = UV with
U a N ×C matrix and V a C × M matrix and C � N,M.

An alternative method is to use a RBM (as discussed above with also wi j = 0).
Each row Xµ,:, µ = 1, . . . ,N is a training sample.

The computation of the clamped statistics is complicated by the missing data. One
simply computes these by ignoring the missing values.

The free statistics are estimated using contrastive divergence.
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RBM for collaborative filtering [Salakhutdinov et al., 2007]

Comparison of RBM with SVD on Netflix data. Training data as above. Error is on
test set data. This is part of the Netflix competition. Netflix posted the problem and
offered a prize of $1.000.000 for an algorithm that could improve 10 % on their own
RMSE=0.95. The prize was won in 2009 by a team with RMSE=0.85 using many
different machine learning methods and additional heuristics.
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Quantum Machine learning

• Introduction

• Quantum Boltzmann machine

– Density matrices, von Neumann entropy, cross-entropy
– QBM learning rule
– Salamander retina data
– Circuit implementation
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Optimal control theory

Given a current state and a future desired state, what is the best/cheapest/fastest
way to get there.
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Why stochastic optimal control?
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Material

• H.J. Kappen. Optimal control theory and the linear Bellman Equation. In Infer-
ence and Learning in Dynamical Models (Cambridge University Press 2010),
edited by David Barber, Taylan Cemgil and Sylvia Chiappa
http://www.snn.ru.nl/˜bertk/control/timeseriesbook.pdf

• Dimitri Bertsekas, Dynamic programming and optimal control

• http://www.snn.ru.nl/˜bertk/machinelearning/
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Introduction

Optimal control theory: Optimize sum of a path cost and end cost. Result is
optimal control sequence and optimal trajectory.

Input: Cost function.
Output: Optimal trajectory and controls.
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Introduction

Control problems are delayed reward problems:

• Motor control: devise a sequence of motor commands to reach a goal

• Finance: devise a sequence of buy/sell commands to maximize profit

• Learning, exploration vs. exploitation
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Discrete time control

Consider the control of a discrete time deterministic dynamical system:

xt+1 = xt + f (t, xt, ut), t = 0, 1, . . . ,T − 1

xt describes the state and ut specifies the control or action at time t.

Given xt=0 = x0 and u0:T−1 = u0, u1, . . . , uT − 1, we can compute x1:T .

Define a cost for each sequence of controls:

C(x0, u0:T−1) = φ(xT ) +

T−1∑
t=0

R(t, xt, ut)

The problem of optimal control is to find the sequence u0:T−1 that minimizes
C(x0, u0:T−1).
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Dynamic programming

Find the minimal cost path from A to J.

C(J) = 0,C(H) = 3,C(I) = 4

C(F) = min(6 + C(H), 3 + C(I))
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Discrete time control

The optimal control problem can be solved by dynamic programming. Introduce
the optimal cost-to-go:

J(t, xt) = min
ut:T−1

φ(xT ) +

T−1∑
s=t

R(s, xs, us)


which solves the optimal control problem from an intermediate time t until the fixed
end time T , for all intermediate states xt.

Then,

J(T, x) = φ(x)

J(0, x) = min
u0:T−1

C(x, u0:T−1)
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Discrete time control

One can recursively compute J(t, x) from J(t + 1, x) for all x in the following way:

J(t, xt) = min
ut:T−1

φ(xT ) +

T−1∑
s=t

R(s, xs, us)


= min

ut

R(t, xt, ut) + min
ut+1:T−1

φ(xT ) +

T−1∑
s=t+1

R(s, xs, us)




= min
ut

(R(t, xt, ut) + J(t + 1, xt+1))

= min
ut

(R(t, xt, ut) + J(t + 1, xt + f (t, xt, ut)))

This is called the Bellman Equation.

Computes u as a function of x, t for all intermediate t and all x.
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Discrete time control

The algorithm to compute the optimal control u∗0:T−1, the optimal trajectory x∗1:T and
the optimal cost is given by

1. Initialization: J(T, x) = φ(x)

2. Backwards: For t = T − 1, . . . , 0 and for all x compute

u∗t (x) = arg min
u
{R(t, x, u) + J(t + 1, x + f (t, x, u))}

J(t, x) = R(t, x, u∗t ) + J(t + 1, x + f (t, x, u∗t ))

3. Forwards: For t = 0, . . . ,T − 1 compute

x∗t+1 = x∗t + f (t, x∗t , u
∗
t (x∗t ))

NB: the backward computation requires u∗t (x) for all x.
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Exercise: Two ovens

A certain material is passed through a sequence of two ovens. Aim is to reach pre-specified final
product temperature x∗ with minimal oven energy.

x0,1,2 are the product temperatures initially, after pasing through oven 1 and after passing through
oven 2. u0,1 are the oven temperatures. The dynamics is

xt+1 = (1 − a)xt + aut t = 0, 1

C = r(x2 − x∗)2 + u2
0 + u2

1

• Find the optimal control solution u0, u1.

• Show that adding mean zero noise to the dynamics (xt+1 = (1 − a)xt + aut + wt with 〈wt〉 = 0),
does not change the optimal control solution.
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Example: Two ovens

End cost-to-go is J(2, x2) = r(x2 − x∗)2.

J(1, x1) = min
u1

(
u2

1 + J(2, x2)
)

= min
u1

(
u2

1 + r((1 − a)x1 + au1 − x∗)2
)

u1 = µ1(x1) =
ra(x∗ − (1 − a)x1)

1 + ra2

J(1, x1) =
r((1 − a)x1 − x∗)2

1 + ra2

J(0, x0) = min
u0

(
u2

0 + J(1, x1)
)

= min
u0

(
u2

0 +
r((1 − a)x1 − x∗)2

1 + ra2

)
= min

u0

(
u2

0 +
r((1 − a)((1 − a)x0 + au0) − x∗)2

1 + ra2

)
u0 = µ0(x0) =

r(1 − a)a(x∗ − (1 − a)2x0)
1 + ra2(1 + (1 − a)2)

J(0, x0) =
r((1 − a)2x0 − x∗)2

1 + ra2(1 + (1 − a)2)
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Comments

• Linear Quadratic Control: Solution can be obtained in closed form because
problem is linear quadratic.

• Certainty equivalence: Optimal control solution is unaffected by noise:

xt+1 = (1 − a)xt + aut + wt t = 0, 1

C = r(x2 − x∗)2 + u2
0 + u2

1

with 〈wt〉 = 0.Then

J(1, x1) = min
u1

(
u2

1 +
〈
r((1 − a)x1 + au1 + w1 − x∗)2

〉)
= min

u1

(
u2

1 + r((1 − a)x1 + au1 − x∗)2 + r 〈w1〉2
)
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Continuous limit

Replace t + 1 by t + dt with dt → 0.

xt+dt = xt + f (xt, ut, t)dt

C(x0, u0→T ) = φ(xT ) +

∫ ′

0
dτR(τ, x(τ), u(τ))

Assume J(x, t) is smooth.

J(t, x) = min
u

(R(t, x, u)dt + J(t + dt, x + f (x, u, t)dt))

≈ min
u

(R(t, x, u)dt + J(t, x) + ∂tJ(t, x)dt + ∂xJ(t, x) f (x, u, t)dt)

−∂tJ(t, x) = min
u

(R(t, x, u) + f (x, u, t)∂xJ(x, t))

with boundary condition J(x,T ) = φ(x).
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Continuous limit

−∂tJ(t, x) = min
u

(R(t, x, u) + f (x, u, t)∂xJ(x, t))

with boundary condition J(x,T ) = φ(x).

This is called the Hamilton-Jacobi-Bellman Equation.

Computes the anticipated potential J(t, x) from the future potential φ(x).
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Example: Mass on a spring

The spring force Fz = −z towards the rest position and control force Fu = u.

Newton’s Law
F = −z + u = mz̈

with m = 1.

Control problem: Given initial position and velocity z(0) = ż(0) = 0 at time t = 0,
find the control path −1 < u(0→ T ) < 1 such that z(T ) is maximal.
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Example: Mass on a spring

Introduce x1 = z, x2 = ż, then

ẋ1 = x2

ẋ2 = −x1 + u

The end cost is φ(x) = −x1; path cost R(x, u, t) = 0.

The HJB takes the form:

−∂tJ = min
u

(
x2
∂J
∂x1
− x1

∂J
∂x2

+
∂J
∂x2

u
)

= x2
∂J
∂x1
− x1

∂J
∂x2
−

∣∣∣∣∣ ∂J
∂x2

∣∣∣∣∣ , u = −sign
(
∂J
∂x2

)
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Example: Mass on a spring

We try J(t, x) = ψ1(t)x1+ψ2(t)x2+α(t). The HJBE reduces to the ordinary differential
equations

ψ̇1 = ψ2

ψ̇2 = −ψ1

α̇ = −|ψ2|

These equations must be solved for all t, with final boundary conditions ψ1(T ) =

−1, ψ2(T ) = 0 and α(T ) = 0.

Note, that the optimal control only requires ∂xJ(x, t), which in this case is ψ(t) and
thus we do not need to solve α. The solution for ψ is

ψ1(t) = − cos(t − T )

ψ2(t) = sin(t − T )
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Example: Mass on a spring

The optimal control is

u(x, t) = −sign(ψ2(t)) = −sign(sin(t − T ))

As an example consider T = 2π. Then, the optimal control is

u = −1, 0 < t < π

u = 1, π < t < 2π

0 2 4 6 8
−2

−1

0

1

2

3

4

t

 

 

x
1

x
2
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Pontryagin minimum principle

The HJB equation is a PDE with boundary condition at future time. The PDE is
solved using discretization of space and time.

The solution is an optimal cost-to-go for all x and t. From this we compute the
optimal trajectory and optimal control.

An alternative approach is a variational approach that directly finds the optimal
trajectory and optimal control.
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Stochastic control
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Stochastic differential equations

Consider the random walk on the line:

Xt+1 = Xt + ξt ξt = ±1

with x0 = 0. We can compute

Xt =

′∑
i=1

ξi

Since xt is a sum of random variables, xt becomes Gaussian distributed with

Ext =

′∑
i=1

Eξi = 0

Vxt =

′∑
i, j=1

Vξi = t

Note, that the fluctuations ∝ √t.
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Stochastic differential equations

In the continuous time limit we define

dXt = Xt+dt − Xt = dWt

with dWt an infinitesimal mean zero Gaussian variable: EdWt = 0,VdWt = νdt.

Then with initial condition x1 at t1

Xt = x1 +

∫ t2

t1
dWs EXt = x1 VXt = νt

is called a Wiener process or Brownian motion.

Since the increments are independent, Xt is Gaussian distributed

p(x2, t2|x1, t1) =
1√

2πν(t2 − t1)
exp

(
− (x2 − x1)2

2ν(t2 − t1)

)
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Stochastic differential equations

Consider the stochastic differential equation

dXt = f (Xt, t)dt + dWt

Wt is a Wiener process.

In this case ρ(x2, t2|x1, t1) may be very complex and is generally not known.

Define ρ(x, t) = p(x, t|x0, 0). Then (Fokker-Planck forward equation)

∂tρ(x, t) = −∇( f (x, t)ρ(x, t)) +
1
2
ν∇2ρ(x, t), ρ(x, 0) = δ(x − x0)

Define ψ(x, t) = p(z,T |x, t). Then (Kolmogorov backward equation)

−∂tψ(x, t) = f (x, t)∇ψ(x, t) +
1
2
ν∇2ψ(x, t) ψ(x,T ) = δ(z − x)
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Example: Brownian motion

Xt = x0 +

∫ ′

0
dWs

ρ(x, t) = p(x, t|x0, 0) =
1√
2πνt

exp
(
−(x − x0)2

2νt

)
ψ(x, t) = p(z,T |x, t) =

1√
2πν(T − t)

exp
(
− (x − z)2

2ν(T − t)

)

NB Verify that ρ and ψ are solutions to the forward and backward equations, re-
spectively.
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Stochastic optimal control

Consider a stochastic dynamical system

dXt = f (t, Xt, u)dt + dWt

Wt is a Wiener process with EdW2
t = ν(t, x, u)dt. 51

The cost becomes an expectation:

C(t, x, u) = E

(
φ(XT ) +

∫ T

t
dτR(t, Xt, u(Xt, t))

)
over all stochastic trajectories starting at x with control function u(·, t).
Optimize with respect to the set of functions u(·, t).

51Our notation is for one dimensional X, but the theory generalizes trivially to higher dimension.
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Stochastic optimal control

We obtain the Bellman recursion

J(t, xt) = min
ut

R(t, xt, ut)dt + EJ(t + dt, Xt+dt)

J(t + dt, xt + dXt) = J(t, xt) + dt∂tJ(t, xt) + dXt∂xJ(t, xt) +
1
2

dX2
t ∂

2
xJ(t, xt)

EJ(t + dt, xt + dXt) = J(t, xt) + dt∂tJ(t, xt) + f dt∂xJ(t, xt) +
1
2
νdt∂2

xJ(t, xt)

because EdXt = f dt and EdX2
t = νdt + ( f dt)2 = νdt + O(dt2).

Thus (Stochastic Hamilton-Jacobi-Bellman equation)

−∂tJ(t, x) = min
u

(
R(t, x, u) + f (x, u, t)∂xJ(x, t) +

1
2
ν(t, x, u)∂2

xJ(x, t)
)

with boundary condition J(x,T ) = φ(x).
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Linear Quadratic control

The dynamics is linear

dXt = [A(t)Xt + B(t)ut + b(t)]dt +

m∑
j=1

(C j(t)Xt + D j(t)ut + σ j(t))dW j,
〈
dW jdW j′

〉
= δ j j′dt

The cost function is quadratic

φ(x) =
1
2

x′Gx

R(x, u, t) =
1
2

x′Q(t)x + u′S (t)x +
1
2

u′R(t)u

In this case the optimal cost-to-go is quadratic in x:

J(t, x) =
1
2

x′P(t)x + α′(t)x + β(t)

ut = −Ψ(t)xt − ψ(t)
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Substitution in the HJB equation yields ODEs for P, α, β:

−Ṗ = PA + A′P +

m∑
j=1

C′jPC j + Q − Ŝ ′R̂−1Ŝ

−α̇ = [A − BR̂−1Ŝ ]′α +

m∑
j=1

[C j − D jR̂−1Ŝ ]′Pσ j + Pb

β̇ =
1
2

∣∣∣∣∣ √R̂ψ
∣∣∣∣∣2 − α′b − 1

2

m∑
j=1

σ′jPσ j

R̂ = R +

m∑
j=1

D′jPD j

Ŝ = B′P + S +

m∑
j=1

D′jPC j

Ψ = R̂−1Ŝ

ψ = R̂−1(B′α +

m∑
j=1

D′jPσ j)

with P(t f ) = G and α(t f ) = β(t f ) = 0.
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Example

Find the optimal control for the dynamics

dXt = udt + dWt,
〈
dW2

t

〉
= νdt

C =

〈
1
2

Gx(T )2 +

∫ ′

0
dt

1
2

u(x, t)2
〉

with end cost φ(x) = 1
2Gx2 and path cost R(x, u) = 1

2u2.
(A = 0, B = 1, b = 0,C = D = 0, σ j =

√
ν,m = 1, R̂ = 1, Ŝ = P,Ψ = P, ψ = α)

The Ricatti equations reduce to

Ṗ = P2 P(T ) = G

α̇ = Pα α(T ) = 0

β̇ =
1
2
α2 − 1

2
νP
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The solution is α(t) = 0 and

P(t) =
1

c − t
1

c − T
= G

and β not relevant.

u(x, t) = −P(t)x − α(t) = − Gx
1 + G(T − t)

Compare with deterministic case considered earlier, is identical due to certainty
equivalence.
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When G → ∞ we obtain the Brownian bridge The control law and dynamics be-
comes

dx = udt + dξ

u =
−x(t0)
T − t0

x(T )→ 0 w.p. 1.
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Example

Find the optimal control for the dynamics

dXt = udt + dWt,
〈
dW2

t

〉
= νdt

with end cost φ(x) = 0 and path cost R(x, u) = 1
2(Qx2 + Ru2).

The Ricatti equations reduce to

−Ṗ = Q − R−1P2

−α̇ = −R−1Pα = 0

β̇ = −1
2
νP

with P(T ) = α(T ) = β(T ) = 0 and

u(x, t) = −R−1P(t)x
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The solution is

P(t) =
√

RQ tanh

√Q
R

(T − t)


α(t) = 0

β(t) =
1
2
νR log cosh

√Q
R

(T − t)


Ψ(t) = R−1P(t) ψ(t) = 0

The control is given by Eq. ??:

u(x, t) = −R−1P(t)x (8)
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Comments

Note, that in the last example the optimal control is independent of ν, i.e. optimal
stochastic control equals optimal deterministic control.

In general:

• If C j = D j = 0 (only ’additive noise’) Ṗ, α̇ independent of noise σ, β̇ depends
on σ, but control independent of β. Thus control independent of σ (certainty
equivalence)

• If C j , 0 or D j , 0, control depends on C j,D j, σ j (no certainty equivalence)
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Path integral control

The n-dimensional path integral control problem is defined as

dXt = f (Xt, t)dt + g(x, t)(u(Xt, t)dt + dWt)

C(t, x, u) = E

(
φ(XT ) +

∫ T

t
dsV(Xs, s) +

1
2

u′(Xs, s)Ru(Xs, s)
)

with EdWtdW ′
t = νdt. g is n × m matrix, ν is m × m matrix and u, dWt are m dimen-

sional.

The cost is an expectation over all stochastic trajectories starting at x with control
function u(x, t).

The stochastic HJB equation becomes

−∂tJ = min
u

(
1
2

u′Ru + V + (∇J)′( f + gu) +
1
2

Tr
(
gνg′∇2J

))
which we need to solve with end boundary condition J(x, t f ) = φ(x) for all x.
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Path integral control

Minimization wrt u yields: 52

u = −R−1g′∇J

−∂tJ = −1
2

(∇J)′gR−1g′(∇J) + V + (∇J)′ f +
1
2

Tr
(
gνg′∇2J

)

Define ψ(x, t) through J(x, t) = −λ logψ(x, t) and impose a relation between R and
ν:

R = λν−1

with λ a positive number.

52ua = −∑
b,i

(
R−1

)
ab

gib(x, t)∂J(x,t)
∂xi
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Path integral control

Then the HJB becomes linear in ψ

−∂tψ =

(
−V
λ

+ f ′∇ +
1
2

Tr
(
gνg′∇2

))
ψ

with end condition ψ(x,T ) = exp(−φ(x)/λ) 53

53We sketch the derivation for n = m and gi j(x, t) = δi j.

−1
2

(∇J)′R−1(∇J) +
1
2

Tr
(
ν∇2J

)
= −1

2

∑
i j
∇iJR−1

i j ∇ jJ +
1
2
λ
∑
i j

R−1
i j ∇i jJ

=
1
2

∑
i j

R−1
i j

(
−∇iJ∇ jJ + λ∇i jJ

)

=
1
2

∑
i j

R−1
i j

(
−λ2 1

ψ
∇i jψ

)

since

−∇iJ∇ jJ = −λ2 1
ψ2∇iψ∇ jψ

∇i jJ = −λ∇i∇ j logψ = −λ∇i

(
1
ψ
∇ jψ

)
= λ

1
ψ2∇iψ∇ jψ − λ

1
ψ
∇i jψ
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Path integral control

We identify ψ(x, t) ∝ p(z,T |x, t), then the linear Bellman equation

−∂tψ =

(
−V
λ

+ f ′∇ +
1
2

Tr
(
gνg′∇2

))
ψ

can be interpreted as a Kolmogorov backward equation for the process

dxi = fi(x, t)dt +
∑

a

gia(x, t)dξa

x(t) = † with probability V(x, t)dt/λ

x(T ) = † with probability φ(x)/λ

The correspondong forward equation is

∂tρ = −V
λ
ρ − ∇( fρ) +

1
2

Tr∇2gνg′ρ

with ρ(x, t) = p(x, t|z, 0) and ρ(x, 0) = δ(x − z).

Bert Kappen ML 275



Feynman-Kac formula

Denote Q(τ|x, s) the distribution over uncontrolled trajectories that start at x, t:

dx = f (x, t)dt + g(x, t)dξ

with τ a trajectory x(t → T ). Then

ψ(x, t) =

∫
dQ(τ|x, t) exp

(
−S (τ)

λ

)
S (τ) = φ(x(T )) +

∫ ′

t
dsV(x(s), s)

ψ can be computed by forward sampling the uncontrolled process.
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Recap of the main idea
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Consider a stochastic dynamical system

dXt = f (Xt, u)dt + g(Xt)dWt E(dWt,idWt. j) = νi jdt

Given X0 find control function u(x, t) that minimizes the expected future cost

C = E

(
φ(XT ) +

∫ T

0
dtR(Xt, u(Xt, t))

)
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Control theory
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Standard approach: define J(x, t) is optimal cost-to-go from x, t.

J(x, t) = min ut:TEu

(
φ(XT ) +

∫ T

t
dtR(Xt, u(Xt, t))

)
Xt = x

J satisfies a partial differential equation

−∂tJ(t, x) = min
u

(
R(x, u) + f (x, u)∇xJ(x, t) +

1
2

Tr(gνg′∇2
xJ(x, t))

)
J(x,T ) = φ(x)

with u = u(x, t).This is HJB equation. Optimal control u∗(x, t) defines distribution
over trajectories p∗(τ) (= p(τ|x0, 0)).
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Path integral control theory
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dXt = f (Xt)dt + g(Xt)u(Xt, t)dt︸                         ︷︷                         ︸
f (Xt,u)dt

+g(Xt)dWt X0 = x0

Goal is to find function u(x, t) that minimizes

C = E

φ(XT ) +

∫ T

0
dt V(Xt, t) +

1
2

u(Xt, t)2︸                  ︷︷                  ︸
R(Xt,u(Xt,t))

 = E

(
S (τ) +

∫ T

0
dt

1
2

u(Xt, t)2
)

S (τ) = φ(XT ) +

∫ T

0
V(Xt, t)
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Path integral control theory
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Equivalent formulation: Find distribution over trajectories p that minimizes 54

C(p) =

∫
dτp(τ)

(
S (τ) + log

p(τ)
q(τ)

)
q(τ|x0, 0) is distribution over uncontrolled trajectories.

The optimal solution is given by p∗(τ) = 1
ψ
q(τ)e−S (τ)

54Eu
∫ T
0 dt1

2u(Xt, t)2 =
∫

dτp(τ) log p(τ)
q(τ) .
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Path integral control theory
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Equivalent formulation: Find distribution over trajectories p that minimizes

C(p) =

∫
dτp(τ)

(
S (τ) + log

p(τ)
q(τ)

)
q(τ|x0, 0) is distribution over uncontrolled trajectories.

The optimal solution is given by p∗(τ) = 1
ψ
q(τ)e−S (τ) = p(τ|u∗).

Equivalence of optimal control and discounted cost (Girsanov)
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Path integral control theory
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The optimal control cost is C(p∗) = − logψ = J(x0, 0) with

ψ =

∫
dτq(τ)e−S (τ) = Eqe−S

J(x, t) can be computed by forward sampling from q.
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Delayed choice

Time-to-go T = 2 − t.
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−3

−2

−1

0

1

2

3

−2 −1 0 1 2
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

x

J
(x

,t
)

T=2

T=1

T=0.5

J(x, t) = −ν logEq exp(−φ(X2)/ν)

Decision is made at T = 1
ν
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Delayed choice

Time-to-go T = 2 − t.
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T=2

T=1

T=0.5

J(x, t) = −ν logEq exp(−φ(X2)/ν)

”When the future is uncertain, delay your decisions.”
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Delayed choice (details)

dXt = udt + dWt EdW2
t = νdt

V = 0, path cost is 1
2u2 and end cost φ(z = ±1) = 0, φ(z) = ∞ else encodes two

targets at z = ±1 at t = T .

PI recipe:

1.

ψ(x, t) =

∫
dQ(τ|x, t) exp(−S (τ)/λ)

S (τ) = φ(x(T ))

ψ(x, t) =

∫
dzq(z,T |x, t) exp(−φ(z)/λ) = q(1,T |x, t) + q(−1,T |x, t)

q(z,T |x, t) = N(z|x, ν(T − t))

2. Compute

J(x, t) = −λ logψ(x, t) =
1

T − t

(
1
2

x2 − ν(T − t) log 2 cosh
x

ν(T − t)

)
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3.

u(x, t) = −∇J(x, t) =
1

T − t

(
tanh

x
ν(T − t)

− x
)
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Coordination of UAVs

Chao Xu ACC 2017
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Machine learning → Quantum physics
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Machine learning ← Quantum physics
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Classification with variational circuit [Havlı́ček et al., 2019]

Feature map:

|Ψ(x)〉 = UΨ(x) |0〉 UΨ(x) = eiH(x) H(x) =
∑
(i j)

φi j(x)σ̂z
iσ̂

z
j +

∑
i

φi(x)σ̂z
i

H are Hadamar gates H(|0〉) = 1
2 (|0〉 + |1〉) = |+〉 ,H(|1〉) = 1

2 (|0〉 − |1〉) = |−〉. Varia-
tional circuit of L layers W(θ) = UentU(θL)Uent . . .U(θ1)Uent. Output is measurement
of F̂ on state W(θ) |Ψ(x)〉 with probability

〈
Ψ(x)|W(θ)†F̂W(θ)Ψ(x)

〉
.
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Classification with variational circuit [Havlı́ček et al., 2019]

Classification example on 2 qubits with x = (x1, x2). Choose φi(x) = xi, φ12(x) =

(π − x1)(π − x2). Generate labels by thresholding
〈
Ψ(x)|V†F̂VΨ(x)

〉
(red and blue

areas) with F̂ = σ̂z
1σ̂

z
2. Train θ with varying number of layers (L − 0, . . . , 4) using 3

different V. Generate classification on test data thresholding at zero. 3 datapoints
are misclassified (A,B,C).
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Quantum Boltzmann machine [Kappen, 2020]

• Density matrices, von Neumann entropy, cross-entropy

• QBM learning rule

• Salamander retina data

• Entanglement

• Circuit implementation
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Density matrix formalism

Consider discrete state space labeled by s.

The density matrix ρ(s, s′) is a Hermitian positive semi-definite matrix with real
eigenvalues λ(s).

λ(s) ≥ 0 Tr ρ =
∑

s

λ(s) = 1

When ρ(s, s′) = p(s)δs,s′ the density matrix reduces to a classical probability distri-
bution.

The expectation value of a matrix A (quantum statistics) is defined as

〈A〉ρ = Tr (Aρ)

When A is diagonal,
〈A〉ρ = 〈A〉p

with p the diagonal of ρ (classical statistics).
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Quantum learning

The relative entropy between density matrices η, ρ is defined as 55

S (η, ρ) = Tr
(
η log η

) − Tr
(
η log ρ

)
One can show (Klein’s inequality): S (η, ρ) ≥ 0 and S (η, ρ) = 0 iff η = ρ.

S generalizes the concept of cross entropy between distributions to density matri-
ces.

Learning: Denote η the data density matrix and ρ is the model density matrix.
Find ρ that minimises S .

When η = diag(q) and ρ = diag(p), then

S (η, ρ) = KL(q|p)

and minimizing S is equivalent to maximizing Lc.
55log ρ the matrix logarithm of ρ.
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Quantum Boltzmann machine

We consider density matrix models of the form 56

ρ =
1
Z

eH Z = Tr
(
eH

)
H =

∑
r

Hrwr

H is the Hamiltonian of the quantum system
Hr are Hermitian matrices that describe the various quantum interactions.
w = {wr, r = 1, . . .} are real parameters that parametrize ρ.

This gives the learning rule for the QBM:

∆wr ∝ − ∂S
∂wr

= 〈Hr〉η − 〈Hr〉ρ

56eH the matrix exponential of H
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Quantum Boltzmann Machine

For n quantum spin variables σk
i we consider the Hamiltonian

H =

n∑
i=1

∑
k=x,y,z

wk
iσ

k
i +

n∑
i=1, j>i

∑
k=x,y,z

wk
i jσ

k
iσ

k
j

σ
x,y,z
i are Pauli spin 1/2 operators. For this Hamiltonian, the learning rule becomes

∆wk
i ∝

〈
σk

i

〉
η
−

〈
σk

i

〉
ρ

∆wk
i j ∝

〈
σk

iσ
k
j

〉
η
−

〈
σk

iσ
k
j

〉
ρ

k = x, y, z
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Pauli spin matrices

σ
x,y,z
i are 2 × 2 Pauli spin matrices

σx
i =

(
0 1
1 0

)
σ

y
i =

(
0 −i
i 0

)
σz

i =

(
1 0
0 −1

)
σz

i has eigenvectors that we call states and denote by their eigenvalue si:(
1
0

)
= |si = 1〉

(
0
1

)
= |si = −1〉

Thus for si = ±1:

σz
i |si〉 = si |si〉 σx

i |si〉 = |−si〉 σ
y
i |si〉 = isi |−si〉
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Hamiltonian matrix representation

The state of an n spins system is the tensor product of the states |si = ±1〉 for each
spin:

|s〉 = |s1, . . . , sn〉
Thus a total of 2n states.

On this basis, H has matrix elements 57

〈
s′|H|s〉 =

n∑
i=1

(wx
i + iwy

i si)δs′,Fis +

n∑
i< j

(
wx

i j − wy
i jsis j

)
δs′,FiF js

+

 n∑
i=1

wz
i si +

n∑
i< j

wz
i jsis j

 δs′,s

57When s = (s1, . . . , si, . . . , sn), Fis = (s1, . . . ,−si, . . . , sn)
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Examples of quantum tomography

Given quantum statistics of an unknown quantum system〈
σk

i

〉
η
,
〈
σk

iσ
k
j

〉
η

k = x, y, z

Estimate the quantum Hamiltonian that is the source of these quantum statistics.

Numerical examples:

• Given Htrue, compute the ground state wave function ψtrue.

• From ψtrue, compute the quantum statistics
〈
σk

i

〉
η
,
〈
σk

iσ
k
j

〉
η
.

• Train QBM and compare learned H, ψ with Htrue, ψtrue
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Anti-ferromagnetic Heisenberg model

The Hamiltonian has couplings wx,y,z
i j = −1 for nearest neighbours and wx,y,z

i j = 0
otherwise.
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Anti-ferromagnetic Heisenberg model

The Hamiltonian has couplings wx,y,z
i j = −1 for nearest neighbours and wx,y,z

i j = 0
otherwise.
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Anti-ferromagnetic Heisenberg model

The Hamiltonian has couplings wx,y,z
i j = −1 for nearest neighbours and wx,y,z

i j = 0
otherwise.
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During learning, the couplings wk
i ,w

k
i j diverge so that ρ ∝ eH → φφ′ approaches a

rank one solution with correct quantum statistics.
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Anti-ferromagnetic Heisenberg model

The Hamiltonian has couplings wx,y,z
i j = −1 for nearest neighbours and wx,y,z

i j = 0
otherwise.
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The classical BM does not yield a good solution: wrong couplings and wrong sign
of φ =

√
pbm. The BM correctly captures the classical statistics but not the quantum

statistics.
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Fully connected quantum spin glass

Data statistics from

η =
1
Z

eβH

with H a quantum spin glass Hamiltonian.
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β = 0.5 (blue), β = 1 (red), β = 3 (magenta), β = 5 (green) and β = ∞ (black).
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Quantum statistics in classical data

We can also apply the QBM to learn classical data. Given data sµ, µ = 1, . . . , P:

q(s) =
1
P

P∑
µ=1

δs,sµ

We construct a rank one density matrix as follows

η = |ψ〉 〈ψ| 〈s|ψ〉 =
√

q(s)

The quantum expectations

〈A〉η =
∑
s,s′

A(s, s′)
√

q(s)q(s′)

generalize the classical expectations and become equal for A diagonal.

Classical statistics are linear in q. The quantum statistics are quadratic in
√

q.
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Quantum statistics in classical data

For the QBM:

〈
σx

i
〉
η =

∑
s

√
q(Fis)q(s)

〈
σx

iσ
x
j

〉
η

=
∑

s

√
q(FiF js)q(s)

〈
σ

y
i

〉
η

= 0
〈
σ

y
iσ

y
j

〉
η

= −
∑

s

sis j

√
q(FiF js)q(s)〈

σz
i

〉
η

= 〈si〉q
〈
σz

iσ
z
j

〉
η

=
〈
sis j

〉
q

The quantum statistics measure similarity between patterns in the data.
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Quantum learning of classical data

Minimize S (η, ρ) with respect to ρ.

The solution is at least as good as the classical solution:

min
ρ

S (η, ρ) ≤ min
p

KL(q|p)

and equal when ρ is diagonal.

The optimal solution ρ represents the quantum statistics in the classical data and
has no equivalent in terms of a probability distribution.
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Modeling neural network activity
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(a) One repeat of neural activity of 160 salamander retinal ganglion cells.
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(b) pbm and pqbm versus q. (c) Histogram of KL divergences of BM
and QBM on 28 independent test sets.

QBM captures more statistics that generalize to new data.
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Parity problem

Data are generated such that even parity states s have q(s) > 0 and odd states
have q(s) = 0.

QBM learns this problem well: S (η, ρqbm) = 4.69 × 10−3

BM cannot learn this problem: S (η, ρbm) = 2.37
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ρqbm ≈ ψψ†. Define pqbm(s) = |ψ(s)|2.
KL(q|pqbm) = 1.31 × 10−5

KL(q|pbm) = 0.451
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Classification

Given data (x, y)µ, µ = 1, . . . , P with x input vectors and y = ±1 class label.

It is not easy to learn conditional density matrices. Instead, define s = (x, y) and
learn joint problem as before.

Data distribution

q(s) = q(x)q(y|x) q(y|x) = δy, f (x) q(x) ∝ eθ
∑

i xi

Classifiers

pqbm(y|x) =
|ψ(x, y)|2∑
y |ψ(x, y)|2 pbm(y|x) =

pbm(x, y)∑
y pbm(x, y)

with ψ the ground state wave function of the learned Hamiltonian.

NB: pbm implements linear logistic regression, pqbm not.
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Classification

Consider all 22n
= 256 binary classification problems for n = 3 inputs.
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Number of correctly classified problems for the BM and QBM as a function of θ. For the BM, 104
problems are correctly classified for 0 ≤ θ ≤ 0.7. For the QBM, 254 or more problems are correctly
classified for 0.1 ≤ θ ≤ 0.8 and all 256 problems are correctly classified for θ ≈ 0.6–0.7.
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Entanglement in classical data

The entanglement between variables in subset A and its complement B is defined
as the quantum mutual information

I = S (ρ, ρA ⊗ ρB) = h(ρA) + h(ρB) − h(ρ) ρA = TrB (ρ) ρB = TrA (ρ)

with h(ρ) = −Tr(ρ log ρ).

For the data density matrix η one has h(η) = 0 and h(ηA) = h(ηB) and

I = 2h(ηA)

The classical mutual information is

Ic = KL(q, qA ⊗ qB) ≤ min(h(qA), h(qB))
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Entanglement in classical data

The transformation 〈s|ψ〉 = eiα(s)
√

q(s) changes the mutual information

q(s) → η = |ψ〉 〈ψ|
↓ ↓

Ic(q) ≤ C = 1
2I(η)
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Relation between C = 1
2I(η) and Ic(q) mutual information for two sub sets (s1, s2) and (s3). Blue:

Random q(s1, s2, s3). Red: Random q(s1, s2 = s3). Left: random phases α(s); (b) phases α(s) = 0.
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Entanglement in classical data

Ic(q) ≤ C(η) in general, but we can increase the classical mutual information by
measuring in another orthogonal basis.

|t〉 = U |s〉 → q̃(t) = | 〈t|ψ〉 |2

By maximizing over U = UA ⊗ UB we find Ic(q̃) = C.

The remaining 1
2I(η) cannot be captured by orthogonal measurement.

The statistics of a set of non-orthogonal measurements are not described by a
probability distribution using local variables.
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q1(s2, s3) =

(
0.0652 0

0 0.9348

)
q2(s2, s3) =

(
0.25 0.375

0.375 0

)
independent of s1. By construction

1
2

I(η1) = Ic(q1) = Ic(q2) <
1
2

I(η2)

Measurement in the orthogonal basis defined by the Schmidt decomposition yields

q̃2(t2, t3) =

(
0.8307 0

0 0.1693

)
UA(t, s) = UB(t, s) =

(
0.83 0.5577

0.5577 −0.83

)

and Ic(q̃2) = 1
2I(η2).
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Entanglement in classical data

Consider two fully correlated binary variables s = (s1, s2) with joint probability dis-
tribution

q(s1, s2) =
1
2

(
1 0
0 1

)

4 non-orthogonal measurements Ai ⊗ B j

A1 = σ̂z
1,

A2 = σ̂x
1 sin θ + σ̂z

1 cos θ

B1 = σ̂z
2

B2 = σ̂x
2 sin φ + σ̂z

2 cos φ 0 0.5 1 1.5

/

0

0.5

1

1.5

/

-2

-1.5

-1

-0.5

0

with outputs a1 = b1, a2, b2. If they follow any p(a1, a2, b2) then

| 〈a2b1〉 − 〈a1b2〉 | + 〈a2b2〉 − 1 ≤ 0
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Intractability

Forward problem: H → 〈. . .〉ρ is intractable.

Inverse problem (learning): 〈. . .〉η → H is solved as a sequence of forward prob-
lems:

w→ H(w)→ 〈. . .〉ρ ∆w ∝ 〈. . .〉η − 〈. . .〉ρ
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Intractability

Forward problem: H → 〈. . .〉ρ is intractable.

Inverse problem (learning): 〈. . .〉η → H is solved as a sequence of forward prob-
lems:

w→ H(w)→ 〈. . .〉ρ ∆w ∝ 〈. . .〉η − 〈. . .〉ρ

Possible accellerations

• Software: quantum belief propagation, diffusion MC

• Hardware: circuit implementation
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Training Quantum Boltzmann Machines with the β-Variational
Quantum Eigensolver [Huijgen et al., 2023]
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Nested loop training

• Init wk compute H =
∑

k wkHk.

• Loop

– Approximate σ = 1
ZeβH by ρ from β-VQE

– Compute 〈Hr〉 = Tr(σHr) ≈ Tr(ρHr)
– Update wk := wk + η (〈Hr〉c − 〈Hr〉)
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β-VQE approximates exact learning well

n = 8 salamander retina data. β-VQE has autoregressive network with 500 hidden units and
quantum circuit of 3 checkerboard layers
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Dependence on rank of β-VQE and problem size

Salamander retina data. Left: Performance versus rank R. Low rank R = 2 yields excellent ground
state approximations. Right: Performance versus problem size n. General drop-off is due to model
miss match.
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Learning high rank quantum data and circuit simulation

One dimensional quantum XXZ model. Left: Error introduced by β VQE independent of rank ap-
proximation. Right: Quantum circuit measurement errors limits the convergence of β VQE and thus
of QBM.
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Large Language Models

• Recurrent architectures

– Recurrency
– Encoder, decoder
– maximum likelihood training
– draw backs

• Transformers

– Attention, multi-headed attention
– Transformer block

• Embeddings

• Surprising scaling

• Medical diagnosis with LLMs

• The future of AI
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Sequence to sequence learning
[Hochreiter and Schmidhuber, 1997, Sutskever et al., 2014]

A, B: Recurrency:

yt, ht+1 = fθ(xt, ht)

fθ can be arbitrary functions, eg. deep neural networks.
x, y embedding vectors of tokenized words, ht, ht+1 context vectors

This is ’word by word’ translation, which fails in general.
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Sequence to sequence learning
[Hochreiter and Schmidhuber, 1997, Sutskever et al., 2014]

C, D: Solution is to use two models: encoder and decoder.

Encoder maps entire input sequence (x1, . . . , xT ) to fixed vector (hT+1) and ignore
the outputs yt.
Decoder is initialized with hT+1.
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Learning by maximum likelihood [Sutskever et al., 2014]

The LSTM estimates the conditional probability p(y1, . . . , yT ′|x1, . . . , xT ) where
T,T ′may be different. LSTM computes this through the hidden vector c1 = hT+1.

p(y1, . . . , yT ′|x1, . . . , xT ) =

T ′∏
t=1

p(yt|ct, y1, . . . , yt−1)

= p(y1|c1, 〈EOS 〉)p(y2|c2, y1) . . . p(〈EOS 〉 |cT ′, yT ′−1)

Note that each sentence ends with a special end-of-sentence symbol 〈EOS 〉,
which enables the model to define a distribution over sequences of all possible
lengths.
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WMT English to French translation task [Sutskever et al., 2014]

Neural networks with 4 layers, with 1000 cells at each layer and 1000 dimensional word embed-
dings, with an input vocabulary of 160,000 and an output vocabulary of 80,000. We used a naive
softmax over 80,000 words at each output. The resulting LSTM has 380M parameters of which
64M are pure recurrent connections (32M for the encoder LSTM and 32M for the decoder LSTM).

LSTM outperforms for the first time a classical phrase based Statistical Machine
Translation (SMT [29]) approach
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Transformers

This basic encoder-decoder idea does not work well, because hT+1 must encode
all input information for the decoding process.

The essential idea of the transformer is to build a function that maps x→ x′ based
on a context (c1, . . . , cm):

x′ = f (x, c1, . . . , cm) = f

x +

m∑
i=1

Ω(x, ci)g(ci)


Ω(x, ci) is the relevance, aka the attention, of ci for x.

Bert Kappen ML 341



Attention

x′ = Layernorm

x +

m∑
i=1

eω
i
WOWVci∑

j eω j


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Self-attention
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Multi-headed attention

Attention is a mapping xi, c1:m → ai using the matrices WQ,WK,WV. The output is
oi = WOai (dv → d dimensions).

Multi-headed attention repeats this h times:

xi, c1:m →WQ(α),WK(α),WV(α) aα,i, α = 1, . . . , h

The output is oi =
∑
α WO(α)aα,i.
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Transformer blocks
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Attention is all you need [Vaswani et al., 2017]
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Training and results [Vaswani et al., 2017]

WMT 2014 English-German dataset consists of about 4.5 million sentence pairs. Sentences were
encoded using byte-pair encoding, with common source-target vocabulary of about 37000 tokens.

WMT 2014 English-French dataset consists of 36M sentences using a 32000 word-piece vocabu-
lary.

Training on one machine with 8 NVIDIA P100 GPUs. The base models was trained for 100,000
steps or 12 hours. The big models were trained for 300,000 steps (3.5 days).

Results are better at fraction of the training time.
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Tokens

The text is encoded as a sequence of tokens s = 1, . . . ,T . An individual tokens
may be a character, a part of a words, a word, or a short sequence of words (’New
York’).

Disadvantage of character tokens is that they contain very little semantic informa-
tion and that they require very long contexts.

Disadvantage of word tokens is that the number of tokens T is very (too) large;
synonyms (capitals, plurals, conjugation, missspelling).

Nevertheless, is word tokenization most common.

An alternative is byte pair encoding, which is in between character and word tok-
enization.
- Start with character tokens (order 30).
- assign new token to most frequent consecutive pair and retokenize
- repeat up to a maximum number of tokens (104), keeping only the most frequent ones.
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Embeddings

Encode each token s = 1, . . . ,T as a one-off vector of length T : t =

(0, . . . , 0, 1︸︷︷︸
position s

, 0, . . . , 0). The vector representation of the token is x = WEt.

Curiously encoded words sometimes obtain meaningful numerical relations:

’king’ − ’man’ + woman’ = ’queen’

The embedding matrix WE is typically learned together with the other parameters
of the Transformer.
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De-embedding

The output of the Transformer is a vector y. It is mapped onto a token by computing
q =

(
WE

)T
y and either

1. compute s = argmaxq(s) or

2. compute p(s) = eq(s)∑
s′ eq(s′) and sample from p.

(The latter is why ChatGPT gives each time different answers).

For translation to a different language one uses a de-embedding matrix WD ,(
WE

)T
which is also trained.
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Performance scaling with data, parameters, and FLOPs
[Wei et al., 2022]

Few shots prompting
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Google 2024

AMIE (Articulate Medical Intelligence Explorer)



Training AMIE







Tested on 149 patient cases from medical exams: cardiovascular (29), respiratory (30), gastroenterology (31), neurology (30),
urology, obstetric, and gynecology domains (15), and internal medicine (14). 



Patient actors rated AMIE 
superior to human doctors on 
24 of 26 criteria 

Specialist physicians rated AMIE 
superior to human doctors on 28 
of 32 criteria (not shown)



We zijn wellicht in staat om 
machines te maken die 
menselijk gedrag vertonen.

Maar hebben deze machines 
ook bewustzijn zoals u en ik? 



Wat is bewustzijn?

• John Locke (1690): 
”Consciousness is the 
perception of what passes 
in a man's own mind"



Nagel 1974

AI is objectief: 
het gaat over het realiseren 
van menselijk gedrag in een 

machine

Bewustzijn is subjectief: 
ik heb alleen toegang tot mijn 
eigen bewustzijn en niet dat 
van anderen. 

Nagel 1974



AI is een computerprogramma, 
software en hardware.

Is de software bewust? Of de 
hardware? Of de combinatie?

Een klassiek model van de werking van 
het brein is een machine. 



Een keuze
Optie 1: Een quantum mechanism voor bewustzijn? 

Optie 2: Accepteer dat niet alles wiskundig te beschrijven is. 



Quantum mechanica





Spin is een vector met 3 componenten, maar niet alle 3 
componenten kunnen gelijktijdig worden gemeten



Heisenberg’s onzekerheids principe

Electronen hebben twee kleuren (b, w) en twee hardheden (h,s). 
Je kunt apparaten bouwen die kleur of hardheid kunnen meten.



Heisenberg’s onzekerheids principe

Kleur en hardheid kunnen niet allebei worden bepaald. 



Superpositie
We meten de kleur van het uitgaand 
electron

Inkomend Uitgaand
Hard  50 % wit, 50 % zwart
Zacht  50 % wit, 50 % zwart  

Wit 
 
 

100 % wit



Superpositie



Niet-localiteit en entanglement

P(c1,c2) -> p(c1) P(c1,h2) -> p(c1)

Electron 1 Electron 1

Electron 2 Electron 2

Electron is als cameleon. De  kleur verandert met de omgeving



Quantum weirdness

• Onzekerheids principe: Eigenschappen van 
deeltjes zijn niet vast, maar veranderen door 
observatie

• Superpositie: deeltjes zijn op twee plekken 
tegelijkertijd

• Entanglement en niet-localiteit. De wereld is 
niet reductionistisch te beschrijven in 
termen van deeltjes met eigenschappen. 



Entanglement

Alles is verbonden



Quantum brein



Brein is te warm voor quantum effecten

Tegmark 2000

<latexit sha1_base64="2FGAGxTeHLxYV4FrrtQTGTw+o0o="></latexit>

Thermische energie evenredig met temperatuur Eth = kBT :

T = 300K ! Eth = 0.013eV

Quantum energie bepaalt frequentie Eq = h f

Eq > Eth ! f > 1013Hz

Dit is een tijdschaal van korter dan 10�13 sec,
veel korter dan neurale tijdschalen 10�3 � 10�6 sec.





<latexit sha1_base64="lUCdhK2d+daDmMVXvcu3VP25sfY="></latexit>

Het magnetisch kompas is gebaseerd op de interactie van het aardmagnetisch veld
met de spin van electronen.

Maar: de energie van deze interactie is veel kleiner dan de thermische interacties:
EB ⇡ 10�6Eth.



Magnetisch kompas



Magnetisch kompas

• Licht brengt het molecuul in instabiele 
toestand. 

• De electron spin toestand verandert 
van singlet naar triplet door interactie 
met de kern spin en aardmagneetveld.

• Dit bepaalt het reactieproduct.



Kern spin beinvloedt bewustzijn in muizen

Li 2018

<latexit sha1_base64="+otirDy9zsWEjiu7eShwCkhK6R0="></latexit>

129Xe,131 Xe,134 Xe,132 Xe heeft kern spin 1/2, 3/2, 0, 0.



Entangled kern spins
Coherentietijden van minuten



Entangled fosfor kern spins van fosfaat

Fisher 2015



Zeilinger 2012



Foton network van entangled kern spins

Simon 2017

Neuronen zenden ongeveer 1 foton per neuron per seconde 
en transmissie langs axonen.

Opsins converteren fotonen in 
electro-chemische activiteit.  



Quantum brein
• Quantum effecten in het brein door interactie van 

electron en kern spin (‘radical pair mechanism’)
• Magnetisch kompas van vogels
• Effect van Xe isotope op narcose en bewustzijn
• Effect van Li isotope op de werking voor bipolaire

stoornis
• ….
• entanglement lijkt hierbij niet essentieel. 

• Interessante voorstellen voor quantum bewustzijn met 
entangled kern spin netwerken, maar (zeer) 
omstreden



Een keuze
Optie 1: Een quantum mechanism voor bewustzijn? 

Optie 2: Accepteer dat niet alles wiskundig te beschrijven is. 



Wetenschap is goed en belangrijk, maar kan 
wellicht niet alles verklaren.

Er is de neiging dat we onze wetenschappelijke 
kijk op de werkelijkheid gelijkstellen met de 
werkelijkheid.

Dat we gaan geloven dat er niet meer bestaat 
dan wat onze modellen en theorien kunnen 
verklaren. 

Zou dit voor bewustzijn gelden, wellicht?

Zen and the art of motorcycle maintenance. R. Pirsig 1974



Quality: iets wat bestaat, maar niet formeel kan 
worden gedefinieerd. 

Hetzelfde geldt voor liefde, schoonheid, kunst 
en wellicht ook bewustzijn. 

Dit zijn de dingen die het leven de moeite 
waard maken, en misschien kan de 
wetenschap hier nooit iets over zeggen.

Zen and the art of motorcycle maintenance. R. Pirsig 1974



El sueno de 
la razon 
produce 
muonstros

F. Goya, Madrid 1799



Mijn keuze
Optie 1: Een quantum mechanism voor bewustzijn? 

Optie 2: Accepteer dat niet alles wiskundig te beschrijven is. 



Samenvattend
• Computers worden steeds intelligenter, en mogelijk (veel) slimmer dan 

mensen

• Bewustzijn is niet meetbaar in termen van intelligent gedrag, maar is 
een subjectieve persoonlijke beleving. 

• Huidige AI methodes, of nieuwe methods gebaseerd op klassieke
fysica, kunnen deze subjectieve beleving niet in een machine namaken. 

• Quantum entanglement is mogelijk alternatief
• Quantum effecten spelen een rol in het brein (radical pairs, kern 

spin)
• De rol van entanglement hierbij is onduidelijk
• goede theorieen van quantum bewustzijn ontbreken

• Misschien is bewustzijn niet wetenschappelijk verklaarbaar



Discussie

• Maatschappelijke gevolgen
• AI is een technologische ontwikkeling

en komt voort uit een materialistisch
denken: er bestaat alleen materie en
verder niks. Hoe waarborgen we de 
menselijke maat?

• Hoe behouden wij onze meerwaarde, 
en hoe willen wij met machines 
samenleven? 

• Hebben wij uberhaupt invloed op deze
ontwikkeling?
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