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SUMMARY

In this article we show that traditional Cox survival analysis can be improved upon when supplemented
with sensible priors and analysed within a neural Bayesian framework. We demonstrate that the
Bayesian method gives more reliable predictions, in particular for relatively small data sets.

The obtained posterior (the probability distribution of network parameters given the data) which in
itself is intractable, can be made accessible by several approximations. We review approximations by
Hybrid Markov Chain Monte Carlo sampling, a variational method and the Laplace approximation. We
argue that although each Bayesian approach circumvents the shortcomings of the original Cox analysis,
and therefore yields better predictive results, in practice the use of variational methods or Laplace
is preferable. Since Cox survival analysis is infamous for its poor results with (too) many inputs,
we use the Bayesian posterior to estimate p-values on the inputs and to formulate an algorithm for
backward elimination. We show that after removal of irrelevant inputs Bayesian methods still achieve
significantly better results than classical Cox. Copyright © 2001 John Wiley & Sons, Ltd.

1. Introduction

The purpose of survival analysis for statistics in medicine is to estimate a patient’s chances
of survival as a function of time, given the available medical information at o, the time the
patient is admitted to the study. A well-known way to conduct such an analysis is Cox’s
proportional hazards method [1]. In this method the hazard function h(¢; z), which estimates
the probability density of death occurring at time ¢ (given that the patient has survived upto
that time), is a product of two independent parts. The first part is the proportional hazard,
h(z) = exp(wTz), which depends on patient information = only, the second part is a time-
dependent baseline hazard ho(t). The most obvious weakness of this model is its vulnerability
to overfitting on the training set, often resulting in poor predictions for future patients.

In the medical statistical community a considerable interest exists in the application of
neural networks in survival analysis [2, 3, 4, 5, 6, 7, 8, 9]. Although many authors use the
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neural network machinery to model non-proportional hazards, the majority of these models is
still based on the original Cox method.

The weaknesses of the standard approach have been acknowledged. Solutions exist in the
form of weight decay on the model parameters [5] and implementation of penalty terms [3].
However, an integral solution to the shortcomings of the model based on a solid theoretical
background still does not exist.

Another important question in survival analysis is how to implement the effect of time in
the model. Options are to view time as an input [5, 6] or to see survival analysis as a series
of classification problems, where for each time interval the patients are divided into survivors
and non-survivors [2, 3, 4].

In this article we hold on to the proportional hazards model since Cox analysis is still the
standard in statistical medicine. Furthermore, as we will show in Section 7.2, a more complex
model does not improve performance. We implement a discretised version of this model in the
form of a multi-layered perceptron with one hidden unit and exponential transfer functions,
as will be shown in Section 4. Each output of the network corresponds to an evaluation of the
survivor function at a discrete point in time. The possible adverse effects of this discretisation
are researched in Section 7.3.

Our neural interpretation suggests a Bayesian analysis to overcome the weaknesses of the
standard approach. In Section 5 sensible priors are introduced which, in combination with
the available data, lead to a posterior distribution on the model parameters. This posterior is
intractable, but with sampling techniques such as Hybrid Markov Chain Monte Carlo (HMCMC)
sampling (see e.g. [10]) we can sample from this posterior to obtain an ensemble of neural
networks.

A disadvantage of (HMCMC) sampling is that the number of samples that needs to be drawn
to describe the posterior properly grows strongly with the number of network parameters. This
not only takes a lot of computation time, it also introduces approximation errors. Furthermore,
it is difficult to determine when enough samples have been drawn. As an alternative we propose
a form of “ensemble learning”. This term was coined by Hinton and van Camp [11] and has
been applied to multi-layered perceptrons and Radial Basis Function networks in [12, 13]. We
approximate the posterior by minimising the Kullback-Leibler (KL) divergence between the
exact posterior given by Bayes’ formula and an approximating analytical distribution, varying
only the parameters of the latter. We also implement a simpler version of this procedure, where
instead of minimising a KL-divergence we make a Laplace approximation of the posterior.
We compare all approaches by estimating the predictive qualities of the resulting posterior
distributions. The results are summarised and compared with other (neural) approaches in
the discussion.

In practice, medical experts do not work with probability distributions over model
parameters directly: they rather use the concept of p-values, for example to express the
relevance of patient characteristics. The Bayesian posterior distribution provides a direct way
to calculate p-values for the inputs to the network (i.e. patient information). Another problem
present in most survival analysis projects is the tendency to include many sources of medical
data: rather than missing a possibly significant explanatory variable, medical experts generally
prefer to consider a wide variety of possible inputs in the survival model. When the relevance
of some of these variables cannot be demonstrated with the model at hand, it is desirable to
eliminate these “irrelevant” inputs from the model, leaving only the inputs with a clear effect on
the survival of the patient (see e.g. [14, 15, 16]). In Section 8 we propose a Bayesian algorithm
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NEURAL-BAYESIAN SURVIVAL ANALYSIS 3

to select the relevant inputs of the model and use it to remove the irrelevant variables from
the models. After this improvement of the survival model, both for the discretised Cox model
and the Bayesian approach, we make our final comparison between the various approaches.

The proposed methods are tested on a medical database, which is described further in the
next section.

2. Survival analysis on ovarian cancer patients

2.1. Survival analysis

In the present article we study the survival of ovarian cancer patients. Each patient is
characterised by a selection of medical data, described in more detail later in this section.
Monthly observations of the patients provide information on either the time of death (in
months after the initial diagnosis) or survival. The direct task of the methods described in
this article is to estimate the probability of survival for any patient and for any month, based
on the medical data that is available at the onset of the study. The models providing such
estimations will be used to evaluate the (observable) effect of each of the covariates (medical
data) on the survival of a patient.

2.2. Patients

A database was constructed including 1023 patients from 4 studies, two studies from The
Netherlands Joint Study Group for Ovarian Cancer and two from the Gynaecological Cancer
Cooperative Group of the European Organisation for Research and Treatment of Cancer
(EORTC). The Dutch studies were initiated in 1979 and 1981, respectively. The first study
compared a combination of hexamethylmelamine, cyclophosphamide, methotrexate, and 5-
fluorouracil (Hexa-CAF) with cyclophosphamide and hexamethylmelamine alternating with
doxorubicin and a 5-day course of cisplatin (CHAP-5) in 186 patients with advanced epithelial
ovarian carcinoma. In the study initiated in 1981, 191 eligible patients were enrolled and
treated with either CHAP-5 or cyclophosphamide and cisplatin (CP), both administered
intravenously on a single day at 3-week intervals. Protocol entry criteria, pretreatment staging,
histology grading, the randomisation procedure, assessment and definitions of tumour response,
evaluation and statistical methods were the same in both studies.

The EORTC studies compared CHAP-5 and a combination of cyclophosphamide,
hexamethylmelamine alternating with doxorubicin and carboplatin, CHAC-1 (EORTC study
no. 55836, 1984), or addressed the question about the efficacy of intervention surgery for
patients treated with CP (EORTC study no. 55865, 1987).

In the present article we excluded the 94 patients treated with Hexa-CAF, since their medical
profile differed largely from the other patients. Of the remaining 929 patients, 246 were censored
(i.e. their time of death is not (yet) known). The median observation time of the 929 patients
is 653 days.

2.3. Missing Data.

To handle missing values we distinguished categorical and continuous prognostic variables. For
categorical variables we added an additional category representing patients with missing data.
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For continuous variables we took the average value for that characteristic. Estimating missing
values based on the joint probability of missing and known variables did not alter the outcome.

2.4. Transformation of data.

In the Dutch studies the performance status was registered according to the Karnofsky scale.
We reclassified them according to the scale used by the Zubrod-ECOG-WHO. Patients with
a Karnofsky rating of 100% were classified as ECOG 0, those with 90 or 80% as 1, those
with 70 or 60% as 2 and patients with a Karnofsky rating less than 60% were classified as
3. When the Broder’s grading system was used, we registered a Broder’s grade 1 as a well
differentiated tumour, Broder’s grade 2 as moderately differentiated and Broder’s grades 3
and 4 as poorly differentiated. The dose-intensity of each drug was expressed as mg/m?/wk
administered during the first treatment cycle.

2.5. Variables.

Thirty one variables have been processed by the network: tumour size before and after initial
surgery, cell type (serous, endometrioid, mucinous, clear cell, undifferentiated, unclassified,
other), grade, weight (kg), length, body surface (m?), age, treatment, carboplatin dose in cycle
1 divided by the area under the curve (AUC), dose in cycle 1 of doxorubicin, cyclophosphamide,
hexamethylmelamine, cisplatin, carboplatin, dose intensity in cycle 1 (mg/m?/wk), number
of sites before and after surgery, the presence of ascites, FIGO stage, performance status
according to WHO criteria, hemoglobin (mmol/L), leucocytes (10°/L), lowest leucocytes
(10°/L), renal clearance (mL/min), number of thrombocytes (10°/L), lowest number of
thrombocytes (10%/L), serum creatinine (mmol/L), bilirubin (gmol/L).

In order to compare these factors with each other, they were rescaled. For each factor the
mean and standard deviation were determined and the mean subtracted from the input values.
The result was divided by the standard deviation in such a way that each of the characteristics
had a mean equal to zero and a standard deviation equal to one.

3. Cox survival analysis

Given the hazard function h(t;z) = exp(w” z)ho(t) the survivor function F(t;z) indicating
the probability to survive upto time ¢ can be formulated as

t
F(t;x) = exp [—/ dt' h(t';m)] : (1)
0

The probability density f(¢;z) for a patient to expire at time ¢ is then given by
OF (t; x)
ta) = ——

fle) = -2

The likelihood function P(D|w, hy), expressing the probability to observe the data in database

D given the model parameters w and the specific choice for the baseline hazard hg, then
immediately follows as

= h(t;z)F(t; z) .

P(Dlw,ho) = [ £(t;a*) T F(#*52"). (2)

vE€uncensored pEcensored
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The first product is over the patients of whom the time of death is known. An element in the
second product specifies the estimated probability of censored patient p to be alive at time
t*, the time this patient was taken out of the study. Since in this case the time of death is not
known this is the strongest prediction that can be verified.

In classical Cox analysis the model parameters are estimated through optimisation of
the likelihood P(D|w, ho) with respect to w and hg. An advantage of Cox analysis is that
the optimal parameters of the proportional and the time-dependent hazard can be found
sequentially. The optimal choice for the parameters w (w™") depends only on the ordering of
the times of death of the patients (see [1]); all other time-dependent information is modelled
in the function hg(t).

Disadvantages of this approach are the tendency of the hazard to become highly non-
smooth and the danger of strongly over-fitting the data. In this article we will eliminate these
disadvantages of Cox analysis through the introduction of sensible priors (Section 5). We will
show (Section 7 and further) that by doing so we obtain a stable, reliable model, which still
preserves the elegance and simplicity of the original method.

4. A discretised model

The first step in our approach of survival analysis is to define a framework of parameters that
specifies the hazard function. The parameters for the proportional hazard, h(z) = exp(w’z),
have already been defined. However, the baseline hazard hg in classical Cox analysis is a free,
continuous function of time. To find the optimal choice for this function one must either choose
a specific functional form for the baseline hazard and optimise the corresponding function
parameters, or discretise ho(t) over time. Since the latter option provides more freedom for the
form of ho(t) we will use a discretised version of survival analysis, estimating values for hg(t)
for specific discrete points in time. Between two points in time, say ;1 and ¢z, we take the
hazard function h(t; ) to be constant, i.e.

h(t;l‘) = h(tk;l‘), o <t <tg,

where we take all time intervals (t;_1,%x) to have the same size, determined by the length of
the study and the desired number of discrete model outputs. In this way, although the baseline
hazard is not inferred directly from the data for each of the infinitely many points in time, it
is not restricted to a specific functional form either. In Section 7.3 we will show that for the
right number of discrete outputs the model will not suffer from the inaccuracy brought into it
by discretisation.

After division of the time span in discrete intervals of length At the survivor function reads:

F(t;z) = exp ZAthtl,w (t — tp)h(ty, @) |, they <t < ty,

changing Equation (2) to

P(Dlw,ho) = [] btz e") F(t52”) ] Ft*52t), (3)

vE€uncensored pEcensored
where
th_y <tV <t th_, <th <t
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Optimisation of the discrete likelihood function proceeds in much the same way as in the
classical Cox method, resulting in what we will call the maximum likelihood (ML) Cox solution.

The discrete survivor function can be represented by a multi-layered perceptron with
exponential transfer functions, as can be seen in Figure 1 (concentrate for the moment only on
the solid lines). The input x consists of the elements of patient information, such as the type
of medication administered or the presence of specific symptoms. The weights w in the first
layer (input to hidden) correspond to the parameters w in the proportional hazard function
exp(w”x) which is the output of the hidden unit. When the weights v in the second layer
(hidden to output) are equated to

t;
v = —/ dt’ ho(t'),
0

i.e. minus the integral upto time t; of the base-line hazard, the output of the network at neuron
i reads

Fi(x) = exp {— /Oti dt' ho(t') exp(wlz)|,

which, as in Equation (1), equals the probability for a patient with characteristics z to survive
upto time ;.

Given this network structure, it is easy to extend the model beyond proportional hazards.
The addition of more hidden units to the second layer (dashed lines) may well provide the
possibility to model complex input-output relations, which cannot be found in the proportional
hazard approach.

5. Bayesian inference

A discretised version of the Cox proportional hazards method has been defined in Sections 3
and 4. In this section we describe a method to find the optimal choice for the model
parameters without overfitting on the training data. We propose a Bayesian approach in which
a probability distribution over all possible values of the model parameters will be constructed.
This distribution will not only depend on the (medical) data, but also on prior knowledge about
the nature of the problem. This prior knowledge is expressed in probability distributions of
the model parameters, which are called priors. Using Bayes’ formula, the priors and the data
likelihood can be combined in the posterior distribution that describes the probability of any
choice for the model parameters w and v.
The first prior

P(vly) o< exp | =23 g(li = j1)[vs = v;]? | o< exp [~30"Tw] |

ij

where I';; = —g([i—j]), Ts = 3_;4; 9(|i— j[) and we choose g(z) = e=2°/7 prevents the hazard
from becoming too sharp as a function of time. In the classical Cox approach the hazard over
a specific time interval is directly proportional to the number of casualties in that interval.
Although this may give a good representation of the part of the data the model is trained on, it
provides poor generalisation and yields highly non-smooth functions which are not intuitively
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NEURAL-BAYESIAN SURVIVAL ANALYSIS 7

plausible. Since P(v|7y) assigns the highest likelihood to a hazard function which is constant in
time, it smoothes out the hazard function and introduces a preference for survivor functions
which decay exponentially.

The effect of this prior is visualised in Figure 2. The hazard function in the ML Cox approach
is a jagged function, due to the limited information in the database. After imposing the prior
P(v|7y) this function becomes much more smooth. This smoother function is not only more
plausible a priori but, as will be shown in Section 7, it also has a large positive effect on the
predictive qualities of the model.

The second prior

A 1
P(w|\) x exp [—§wTAw] , where A= Z pationts Zﬂ:x“m“T ,

prevents large activities of hidden units (high values for the proportional hazard), i.e.
prefers small weights. This prior corresponds to a ridge-type estimator, as discussed in [17].
Incorporation of the covariance matrix A makes this preference independent of a (linear) scaling
of the inputs z. The effect of imposing this prior on the parameters w is shown in Figure 3. It
can be seen that in the unrestrained case (left panel) it occurs quite often that the proportional
hazard of one patient is upto ten times larger than it is for another patient, indicating that the
model may be overfitting on the training data. After imposing a Bayesian prior on the model
these differences become much more reasonable.

The hyperparameters v and A express the confidence one has in the knowledge expressed
in the two prior distributions. Since we do not want to specify the exact values of v and A,
we introduce gamma distributions (defined as P(\|o,7) oc A%~ exp(—7A)) P(A) and P(y) for
the hyperparameters. The expectation value and the variance of A are calculated as Z and %,
respectively. Choosing values for these two ratios enables us to specify our believes about the
model in more detail. We use the visualisation of the effect of our first prior (Figure 2) to judge
which v yields acceptable (smooth) hazard functions. In estimating the expected value for A
we can use Figure 3, or we can consider what patient to patient variation in diagnosis may
still be acceptable. Using this decision, A can be set to assign the desired a priori probability
of the parameters w. The variance will be kept relatively high to obtain very wide hyperpriors.

The posterior distribution of the parameters w and v and hyperparameters A and v given
the data follows from Bayes’ formula:

P(Dlw, v) P(w|\) P(v]y) P(\) P(y)

P(w7v7 >\7’Y|D) = P(D) )

(4)

with P(D|w,v) the likelihood as in (3) and P(D) an irrelevant normalising constant. The
probability density of any conceivable choice for the model parameters w and v is given by the
posterior P(w, v|D), which follows by integrating out the hyperparameters A and +.

6. Approximation of the posterior

6.1. Three methods

In theory the expression for the posterior probability distribution of the model parameters is all
that is needed to make predictions for new patients. First however, the posterior distribution
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8 B.J. BAKKER, T. HESKES, J. NEIJT AND B. KAPPEN

of model parameters and hyperparameters (Equation (4)) needs to be transformed into a
distribution of the model parameters alone. To this end we must perform the integral over
the hyperparameters A and ~. Since this cannot be done analytically, we have to make an
approximation of the true posterior.

Fortunately, an ample arsenal of methods to approximate P(w,v|D) is available. These
methods have become popular tools in the neural networks community. In this section, we
will apply and evaluate three such methods: Hybrid Markov Chain Monte Carlo Sampling, a
variational approach and the Laplace approximation.

6.2. Hybrid Markov Chain Monte Carlo Sampling

Since the posterior P(w, v, A,y|D) is not a simple analytic function of the model parameters,
it is hard to draw samples from it. Therefore, we will use both Gibbs sampling and
HMCMC to make it tractable. In Gibbs sampling, one starts by taking random values for
the hyperparameters, say A and 7. Next, P(w,v|),7, D) is obtained from

P(D|w,v,\, %) P(w,v|\,5)
P(DIX, )
o P(D|w,v)P(w,v|\,7),

P(w,v|X,7, D)

the product of the likelihood and the priors, with fixed values for the hyperparameters. Now,
in turns samples are drawn from P(w,v|\,¥, D) yielding @ and ¢, and from P(\,y|w, 9),

P, 0|\, 7)P(A,7)
[ dXdyP (i, |, )
o< P(w|\)P(d]y)P(N)P(v),

P\ v|w,0) =

which is itself a gamma distribution. Since P(w,v|5\,’y, D) does not have the form of one of
the standard distributions (normal, gamma) we use HMCMC to sample from it.

Hybrid Markov Chain Monte Carlo sampling [18] is a well-known method for sampling from
complex distributions. The first step in HMCMC is to express P(q), the distribution we wish to
sample from, as

P(q) = exp(—E(q)),

where in the case of the model discussed in this article, g represents the parameters {w,v}.
Further we define the canonical distribution

P(p) = exp(—=K(p)),

where
n

2
p,

Kp) =Y 5o,
i=1 v

so that each p; is normal distributed around zero with variance m;. n is the dimension of p,
which is equal to the dimension of q. The joint distribution P(q,p) is defined as

P(q,p) = exp(—E(q)) exp(—K (p)) -

Copyright © 2001 John Wiley & Sons, Ltd. Statist. Med. 2001; 00:1-23
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NEURAL-BAYESIAN SURVIVAL ANALYSIS 9

Now we sample from the joint distribution P(q,p). We first take a random choice for ¢
and draw a sample p from the normal distribution K (p). Next, this sample is transformed by
applying the following dynamics:

dai _ pi
dr  m;’
and
dpi _ OF
dr ~—  9¢;’ (5)

where 7 serves as a simulated “time” parameter. It can be shown that under these rules the
probability P(q,p) remains the same. Therefore, the simulation of the evolution of ¢ and p
in “time” provides a new and -if a sufficient number of steps in “time” have been taken-
independent sample (¢*, p*), which has the same probability as the old sample (g, p). Since ¢
and p are independent under the distribution P(q, p), this also yields a new sample ¢* of P(q).
Drawing a new sample from P(p) completes the new sample (g, p), on which the dynamics (5)
can be applied again, etc. etc. This way, neglecting p, samples are drawn effectively from P(q).

However, because the applied “time evolution” proceeds in finite steps, the probability
P(q,p) may not be conserved exactly. Therefore, before accepting a new sample ¢* the ratio
of the joint probability of the current sample {p*,¢*} and the previous sample {p, q},
P(q*,p")

P(g,p) ’
must be considered. If Ry; > 1 the new sample is accepted always, otherwise it is accepted
with probability Rys. It can be shown [18] that in this way, in spite of the computational
inaccuracy introduced in (5), one still samples from P(q). The first few samples may suffer
from initialisation effects and therefore cannot be trusted to give a good representation of the
posterior. Therefore, after sampling we will discard the first 100 samples.

The advantage of this method is that large jumps in “g-space” may be taken (there can be
large differences between subsequent samples of ¢), yielding a series of independent samples,
which is not the case in standard Markov chain sampling. Further, if the time steps in (5) are
chosen small enough very few samples will be rejected.

Adding extra hidden units does not change the format of this sampling procedure. It does
however cause the number of parameters, and therefore the number of samples that needs to
be drawn, to increase strongly.

Ry =

6.3. Variational approach

Another approximation of P(w,v|D) can be made by fitting an analytical distribution to the
exact posterior. An advantage of this approach is that we obtain a simple expression for the
posterior. Following Barber and Bishop [12] we approximate the joint posterior distribution of
weights and hyperparameters P(w, v, A,y|D) by a factorised distribution of the form

P*(w,v,A,7) = Q(w,v)R(N)S(7) ,
with Q(w,v) = N(w,0,C), a gaussian distribution with mean w, 9, and R(\) and S(v) for
the moment unspecified. We assume that there is no interaction between w and v, so the
covariance matrix C' can be written as

Cow 0
CZ(@ c)
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10 B.J. BAKKER, T. HESKES, J. NEIJT AND B. KAPPEN

which yields a significant reduction in the number of free parameters. To reduce further the
number of free parameters in the covariance matrix, instead of using the full covariance matrix
Cyy we take a constrained matrix C},, specified by

[C;v]ij = k; exp(—Ay;) k;
where k is an unconstrained vector and
Ay =1i—jl,

which we found to be a good approximation of the real covariance matrix. The strongly reduced
number of free parameters in C,, (now equal to the number of discrete model outputs) makes
it possible to use a fine discretisation in time, i.e. a large number of model outputs. The
covariance matrix Cy,,, is left unconstrained.

As a distance measure between P(w, v, A, y|D) and P*(w, v, A,7y) we use the Kullback-Leibler
divergence

Qw,v)R(N)S(7)
P(w7 ’U, A’ ’Y|D)

KL[Q,R,S] = / dwdvdXdy Q(w,v)R(V)S(7) log (6)

= (log [Q(w, v)R(N)S(7)])g,r,s — (log [P(D|w,v) P(w[A) P (0|7 ) PN P(M])g,p.s -

where in the second line we substituted Equation (4). The goal is to find the normal distribution
Q(w,v) and additional distributions R(A) and S(v) that minimise this distance.

The Kullback-Leibler divergence depends both on the choice of parameters {w,¢,C} and
on the distributions R(A) and S(v). Let us first suppose that R(A) and S() are given. The
terms in (6) depending on Q(w,v) and thus on the variational parameters {w,?,C'} are

KL[Q] = (log Q(w,v)) = (log P(D]w,v))q = (log P(w|A)) g g = (1og P(v]7))g,s -

Except for the second term involving the data likelihood, all terms are straightforward.
Neglecting irrelevant constants we have

1 A
(log Q(w,v)), = — logdet C' and (log P(w|M\) g g = -5 [T A + Tr (CpwA)]
with A = (M), and a similar expression for (log P(v]7))g.s- The likelihood term
(log P(D|w,v)), can again be decomposed into two terms (see (3)): a term involving only

uncensored patients and a term to which all patients contribute. Both contributions can be
computed analytically. The uncensored patients v yield

<log [e”’“ eszu] >Q =0+l al ty 1 <tV <ty, (7)
and all patients u contribute terms of the form
v wTzh AT ~ 1 T 1
— <e ie >Q = —exp |W "+ 0; + E:U“ Cwwr” + §C'vivi , (8)
where we have used the equality

/dy P(y)eyTZ = exp [mTz + %ZTE22:| with P(y) = N'(m,¥?),

Copyright © 2001 John Wiley & Sons, Ltd. Statist. Med. 2001; 00:1-23
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in which we substitute {w,v} for y and the vector {z,[...,0,0,1,0,0,...]}, with 1 at the
position of 4, for z.

Summarising, given the values for A and 7, the variational parameters {1, %, C’} of Q(w,v)
can be found by minimising the error function K L[Q], for example using a conjugate gradient
method.

Now suppose that Q(w,v) is known and we would like to optimise for R(A). The terms in
(6) which depend on R(X) are

KL[R] = (log R(A)) g — (log P(A)) g = (log P(w[A) & -

It is easy to show that, with a gaussian prior P(w|A) and a gamma distribution for P(\), the
optimal R()) is also gamma distributed (see e.g. [12] for details). The procedure for S(v) is
completely equivalent.

The approximate posterior P*(w, v, \,7) can now be found by iterating the following two
steps.

e Minimise K L[R, S] to find R(\) and S(7) and calculate the expectation values A and 7
given these distributions.
e Substitute A and ¥ in K L[Q] and minimise this expression.

Since both steps decrease the value of the total divergence K L[@, R, S], this iterative procedure
will converge to an (at least locally) optimal distribution P*(w,v, A,~y). This is actually similar
to the HMCMC sampling procedure described in Section 6.1, where now instead of sampling from
P(\,y|w,v,D) and P(w,v|\,¥,D), we obtain analytical expressions for both distributions
(which, for P(A,~v|w,v, D) is merely a matter of writing down the correct expressions) and
calculate the expectation values for {\,v} and {w,v} respectively.

Note that, due to the exponential transfer functions and our particular choice of
parametrisation and corresponding priors, all integrals in K L[Q, R, S] can be done analytically.
Therefore, although the specification of the terms of the Kullback-Leibler divergence may
look rather complicated, the actual approximation consists of no more than a simple
minimisation process. This makes the application of ensemble learning to survival analysis
especially attractive, in contrast with applications to neural networks with sigmoidal transfer
functions [12], where numerical evaluations are unavoidable. However, with more than one
hidden unit either the term (7) involving only uncensored patients, or, with a different
parametrisation and choice of priors, the contributions (8) involving all patients would require
numerical integration scaling with the number of added hidden units.

6.4. Laplace approrimation

The procedure of Section 6.3 can be simplified by replacing the minimisation of the Kullback-
Leibler divergence by a Laplace approximation. We again take a normal distribution N (i, 0, C)
for Q(w,v) with
{w, 0} = argmax P(w,v|\,~, D)
{w,v

and C the Hessian of — log(P(w,v|\,v, D)). As in Section 6.1 A and ~y are kept fixed on the
current A and 5. Note that in this case no restrictions are imposed on C. The other parts of this
approximation are equal to the variational procedure described in Section 6.3. This method
to approximate the posterior corresponds to the “evidence framework” introduced in [19].
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7. Predictive qualities: an evaluation

7.1. Model comparison

The approximations of the posterior, described in Section 6, enable us to demonstrate the
improvement that is gained by the introduction of Bayesian priors. Since we have proposed
three different methods to approximate the posterior, we will not only compare the Bayesian
approach to survival analysis to the ML Cox method, but we will also find out which of the
three approximations yields the best predictions.

To test the different types of models in this article we employ a database of 929 ovarian
cancer patients of whom, apart from their medical information at the time of entrance to the
study, either their time of death is known, or the last date that they were observed to be
alive. For test purposes this database is randomly divided into a training set and a test set.
To estimate the predictive qualities of the survival model obtained from the approximations of
the posterior as defined by the two priors and the likelihood based on the data in the training
set (Equation (4)) we compare it to the maximum likelihood fit of the Cox model on the same
set. As an error measure we take

& = —log L(D.,), 9)

where L£(D,) is the likelihood of the data in the validation set, estimated either by the
maximum likelihood Cox model or the solution obtained by Bayesian methods. The likelihood
estimated by the ML solution is calculated simply by inserting {w™",v™"“} for the model
parameters {w,v}. In the Bayesian approach we use

£(p,) = [ F@;a) [T (F(e#524))

vE&uncensored [tEcensored

where (...) denotes the expectation value over the posterior. In the sampling approach this
expectation value is calculated through averaging over all samples after initialisation (see
Section 6.2). In both the variational approach and the Laplace approximation ideally we would
use the obtained normal distributions to calculate the expectation value analytically. However,
due to the specific form of the likelihood this is not possible. Instead we sample from the normal
distributions and take the average over the collected samples, just as in the HMCMC approach.

To get a clear indication of the relative strengths of both methods we also compute the ML
solution on the test set, and use (9) to calculate a “minimum error” Emnin. The relative error
used in our comparisons now reads

£ - gmin
gcox - gmin ’

where £y is the test error obtained from the ML Cox method. So, if one of the Bayesian
methods is just as good as the Cox method it would have a relative error of 1.

The results (Figure 4c) show that the errors in any of the approximations to the Bayesian
posterior are significantly (p ~ 1x 107%) smaller than the error in the classical Cox approach.
A closer look at the difference between the three Bayesian approaches reveals that the error
in the variational approach is slightly (but significantly) larger than the error in the sampling
approach. The Laplace approximation, which takes about as much computation time as the
variational approach, does not perform significantly better or worse.

el = (10)
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The size of the database that we have access to (929 patients) is much larger than is common
in survival analysis. Most medical databases in this field consist of 100-200 patients. To show
the effect of the size of the available data on the quality of the model we trained the model
on smaller parts (120 and 200 patients) of our database, using the same approaches as in
the previous section. The results can be seen in Figures 4a and b, where for comparison we
have used the values for E.,x and Eni, obtained on the training set of 600 patterns to scale
the errors corresponding to the smaller databases as well. For lower and lower numbers of
training patterns the error in the classical Cox method increases dramatically. The error in
the Bayesian approaches also increases slightly, but due to the effect of the sensible priors the
Bayesian method is much more stable under decrease of the number of training patterns.

This effect is not very surprising: for the commonly observed database in the field of
survival analysis overfitting is a very serious problem due to the small number of patients.
Here, enormous improvements can be made by applying Bayesian priors. For larger and larger
databases the overfitting problem grows smaller and smaller until finally, in the limit of an
infinite number of patients, ML. Cox and the Bayesian approach would coincide. Note however
that even on a training set of 600 patterns the Bayesian approach yields significantly better
results than the ML Cox method.

The comparison made here, with the complete model considering all inputs, may however
not be a totally “fair” one. In the medical statistical community it is well-known that Cox
analysis with a full set of inputs strongly suffers from overfitting. A standard procedure to deal
with the overfitting problem (and thus the error) in Cox analysis is to reduce the number of
inputs to the model. Therefore, in Section 8 we will propose a backward elimination procedure,
and we will compare the reduced Cox model to the Bayesian approach again in Section 9.

7.2. Non-proportional hazards

In Section 4 we showed that, with some minor adjustments, it is possible to extend the model
beyond Cox proportional hazard. To test whether a more complicated model would indeed
be more able to fit the data we added one hidden unit (see Figure 1). We found that the
overfitting problem already present in the ML Cox model with one hidden unit increased
strongly after adding a second hidden unit (doubling the number of free model parameters),
yielding a relative error which vastly exceeded the error in the simple model. The error in the
sampling approach did not change significantly with the addition of an extra hidden unit. In
the remainder of this article we will concentrate on the version with one hidden unit.

7.3. The effect of discretisation

To demonstrate the effect of the discretisation of the baseline hazard we implemented the ML
Cox method and the variational approach on network configurations with numbers of outputs
ranging between 5 and 1000 (at this point further discretisation was meaningless since no time
interval contained more than one patient). The results are shown in Figure 5, where the error
(9) is plotted against the number of outputs. For both the ML Cox method and the Bayesian
approach at first an improvement due to finer discretisation can be observed, followed by
a deterioration due to overfitting on the training data when the number of model (output)
parameters grows. For the Bayesian approach the optimal model has a larger number of output
parameters since the imposed priors reduce the overfitting problem. From these results it is
clear that the model does not suffer from the inaccuracy that is introduced by discretisation.
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In fact, a free, continuous model, corresponding to a very large number of outputs in Figure 5,
will produce very poor results. Therefore, for the comparison of the models’ predictive qualities
we use 10 outputs in the ML Cox model and 50 in each of the Bayesian models, corresponding
to the observed optima in Figure 5.

8. Bayesian backward elimination

In Section 7 we mentioned that the comparison between ML Cox and the Bayesian approach
was not completely fair. Therefore, in this section we propose a method to reduce the number
of input parameters. After eliminating “irrelevant” inputs from the model the ML Cox method
will be less impaired by overfitting problems. After this improvement, we will be able to make
a “fair” comparison between the Bayesian approach and the ML Cox method (Section 9).

In medicine, the calculation of p-values is a well-known tool for statistical analysis. A p-
value is defined as follows: consider a null-hypothesis Hy, which is rejected if a certain test
statistic T' exceeds the critical value T,.. Now, the p-value of a specific measurement ¢ of T
is calculated as P(T > t|Hy), the probability of finding a value for T' which exceeds t, given
that the null-hypothesis is true [20]. The p-value gives an indication of the conflict between
the null-hypothesis and the observed data.

To determine the relevance of one of our models input weights, e.g. wy, we define a null-
hypothesis that states that the “true” value of wy, is zero. This hypothesis would be rejected if
the measured value of wy, (the maximum likelihood value w}™ for classical Cox, the expectation
value (wy) for the Bayesian approach) would exceed some critical value w.. After we derive
P(wy, > wy™|wy, = 0) from the approximated posterior (where for ML Cox we take a Laplace
approximation based on the likelihood function (3)), it is possible to calculate the p-value for
each of the inputs of the model.

Upon constructing the posterior and calculating the p-values of the input weights of the
model nearly all weights were deemed irrelevant (p > 0.05). This does not necessarily mean
that we have created a useless model, it merely states that the function of any input can be
taken over by the other inputs if it would be removed. This is a common problem in survival
analysis: rather than missing a source of data which might be relevant, medical scientists
consider a large variety of possibly interesting sources of medical data. However, since the model
is trained on a limited database, not only the desired underlying “true” relations between the
data are modelled, but also random effects and anomalies present in the database. To discern
between relevant and irrelevant parameters, c.q. inputs, we will propose and apply a backward
elimination procedure.

Backward elimination is a procedure in which one by one all irrelevant model parameters
are removed, leaving a completely “meaningful” model. In each step of the procedure the least
relevant model parameter is found and eliminated. The procedure should continue as long as
the decrease in the error due to over-fitting outweighs the reduced functionality of the model.
Note that backward elimination is a suboptimal heuristic: in principle all possible subsets of
parameters should be considered. However, it has been shown to give close to optimal results
in many cases [21].

Two elements need to be defined for backward elimination: a criterion to decide which of
the model parameters should be eliminated in each step and an indicator to say when to
stop removing parameters. The first criterion may depend, for example, on the size of the
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parameters or on some estimation of the increase in training error. The stopping criterion can
be established by cross-validation on a separate validation set, or e.g. by Akaike’s Information
Criterion. In our case we could use the concept of p-values, removing in each step the parameter
with the highest p-value, and stopping when all parameters are relevant (p < 0.05). However,
many respectable statisticians criticise the concept of p-values ([22],[23]); p-values just do not
coincide with the characteristic we are interested in: the probability that a certain model
parameter is irrelevant or, in a broader sense, the probability of the model given the observed
data. In fact, a p-value generally overstates the evidence against the null-hypothesis and thus
gives a wrong impression of the relevance of model parameters to researchers without a broad
experience working with p-values. We tend to agree with the critics in the field, and therefore
use the Bayes factor [19, 22] instead. The Bayes factor reads
_ P(D|Hy)

where the hypotheses Hy and H; are specified by

Hy : |wpl|<e, e—>0
Hy, : |wpl| >k e—0

with wp the parameter we consider removing. In other words: the null-hypothesis states that
wp is actually zero and can be removed, the alternative hypothesis H; that wp is relevant
and should stay (the mathematically less critical reader can read wp = 0 for |wp| < € and
wp # 0 for jwp| > €). The Bayes factor is an expression indicating which of both hypotheses
best explains the data D.

Writing the Bayes factor as

. P(Dl|lwp| < ¢€)
BF = lim ) (12)
€0 f‘le>€ dwp d\ P(D|wp) P(wp|\) P(\)
we recognise that, since for € — 0 the integral over |wp| > € is equal to the integral over all
wp, the lower term in (12) yields P(D). Applying Bayes’ rule to the upper term, we obtain

P D
BF — i LUwn| <e€lD)

2 P (wn] < € (13)

The Bayes factor (calculated explicitly in Appendix I) provides us with a simple backward
elimination algorithm:

e Calculate ﬁgglg?; for each candidate wp

Select the candidate with the highest ratio: if it exceeds one, eliminate the parameter,
else stop

Retrain the reduced network

Repeat the previous three steps until no irrelevant parameters are left.

Due to the retraining after each step, this can be a time-costly exercise. However, instead
of being retrained the posterior can be re-estimated after each parameter removal through the
calculation of P(wg|wp = 0, Hp) (see Appendix II). Note that this expression is just another
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way of writing “the distribution with #wp = 0 which is closest to the original distribution,
P(w|Hy)”. This method has been implemented in [24] and is closely related to a backward
elimination algorithm based on the Bayesian evidence framework proposed by MacKay [19].
Backward elimination in the classical Cox approach can be executed using for example a
technique that in the neural network community is referred to as “Optimal Brain Surgeon” [25].
Here we express the difference between two models with parameters ¢; = {wi,v1} and

g2 = {w2,U2} as

1
D= 5(111 — ) ' H(g — ),

where for H we take the Hessian of the log-likelihood, estimated in {w™", v™"}. In each step of
the elimination process, for each parameter wy we calculate the distance between the current
model and the model without wy, that is closest to the original model. The reduced model with
the smallest distance D is selected and the corresponding parameter wy eliminated.

9. Properties of the reduced network

In Section 8 we have defined two backward elimination algorithms, one for the Bayesian
approach, one for the ML, Cox method. In this section we will apply these algorithms to the
model parameters found in Section 7, after which we will make the final comparison between
the Bayesian approach and the ML Cox method.

Figure 6 demonstrates the effect of the backward elimination process on the predictive power
of the model. It can be seen that this procedure indeed has a wholesome effect: in both the ML
Cox method and the Bayesian approach the test error decreases when the least relevant inputs
are removed. The decrease of test error in the Cox method is larger than in the variational
approach, since in the latter most of the overfitting problem has already been eliminated by the
Bayesian priors; in the Cox method it still has to be removed through elimination of irrelevant
variables. However, even after reduction the Bayesian approach still yields significantly better
results than ML Cox. The effect of reducing the size of the database, described for the complete
model in Section 7.1, does not change for the reduced model: for smaller databases the error in
the ML Cox model increases significantly, whereas the Bayesian method remains much more
stable. The variational approach and the Laplace approximation yield similar results, although
the Laplace approximation tends to yield slightly better predictions at some points, including
the optimal number of parameters.

It can also be seen (Figure 6, lower panel) that the Bayes factor gives a good estimation of
the point where further reduction is no longer desirable: on average, the lowest test error is
realised when 4 inputs are left in the network. The Bayes factor drops below one and stops
the process when 2-4 inputs are left, which is clearly within the minimal test error range.

Although backward elimination is considered a rather instable procedure (see e.g. [26]), in
the Bayesian approach the individual results do not vary dramatically: backward elimination
on different training sets generally yielded the same set of remaining parameters. Reducing the
size of the database did not have any significant effect on the choice of remaining parameters.
The number of times each input remained after the elimination process is indicated in Figure 7.
In the Bayesian approach three inputs (patient’s performance, leucocytes and the number of
tumours after surgery) are found to be extremely relevant. In the ML Cox method the selection
of remaining parameters varies strongly between different training sets.
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10. Alternative methods

Many other neural approaches to survival analysis have been proposed. One approach is to
implement a series of classification problems, one for each discrete point in time [2, 3, 4]. For
each of the problems the task of the network is to discriminate between patients who survive
upto the corresponding time, and patients who do not. In this setting it may be hard to ensure
the consistency of the model (i.e. if a patient is predicted to survive upto some time ¢ a model
corresponding to an earlier time should predict the same). Another problem in this approach
is the treatment of censored patients.

An alternative to splitting the survival analysis problem into multiple classification problems
is to use time as an input [5, 6]. An argument in favour of this method is that time can be
treated as a continuous parameter, yielding higher accuracy. We found however (Section 7.3)
that a finer discretisation of our hazard has no significant positive effect on the models accuracy.
A disadvantage of using time as an input is that time, although it plays a completely different
role in survival analysis, is treated on the same footing as explanatory variables such as patient
characteristics.

An argument against the use of proportional hazards is that a model with a higher degree
of complexity may describe the survival process better. We showed however (Section 7.2) that
adding more hidden units had no significant effect on the Bayesian approach (HMCcMC) and
made the ML Cox method perform worse, even on a large database. These results are in
agreement with the earlier findings of [2].

In the existing literature, the weak points of Cox analysis we have considered in this article,
overfitting of the proportional hazard and irregularity of the baseline hazard, have been
acknowledged. Solutions have been proposed by Biganzoli [5], who added weight decay on
the input covariates w, while the problem of irregularity of the outputs has been approached
by Liestol [3], who imposed a penalty term on the difference between the baseline hazard
parameters. Another often used approach to solve the latter problem is to use cubic splines
methods [7, 8, 9].

11. Discussion

We have demonstrated that survival analysis can benefit strongly from a Bayesian approach,
in particular for small data sets which are typically encountered in practice. The resulting
method remains as clear and easy to use as the original Cox model, yet at the same time it
is more robust and reliable. Of the several approximations of the Bayesian posterior, both the
variational approach and the Laplace approximation are more desirable than sampling, because
of the convenient properties of the normal distribution, as demonstrated in its application to
backward elimination.

We chose to hold on to the Cox proportional hazard model, which is still the standard in the
field of survival analysis. The problems that are connected to the proportional hazards method
are elegantly solved by embedding proportional hazards in a Bayesian framework. By choosing
the right priors, we eliminated the problem of overfitting on the training data, resulting for
example in a less irregular baseline hazard and obtained better survival predictions. This
improvement was particularly clear for relatively small databases.

Within the Bayesian treatment we reviewed three methods to approximate the posterior:
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HMCMC sampling, the variational approach and the Laplace approximation. The results showed
that sampling outperformed the other two methods in predictive qualities, while there was no
significant difference between variational methods and Laplace. However, HMCMC sampling
not only takes more time, but is also cumbersome to use in practice: backward elimination for
example, can be done directly when the posterior is described by an approximating normal
distribution, yet is not easy to do in the sampling approach. In future research, the recently
developed reversible jump Markov chain Monte Carlo method [27] may prove to be a more
competitive alternative.

Since it is well known that the Cox proportional hazards method produces poor results with
large numbers of inputs, we designed an elegant backward elimination procedure based on
the obtained approximations to the Bayesian posterior. Although removal of irrelevant inputs
indeed greatly improved the ML Cox method, its predictive qualities still did not exceed those
of the Bayesian approach with a full set of inputs. Comparison between the reduced ML Cox
model and the reduced Bayesian model again proved the latter to yield significantly better
results. Furthermore, the selection of “relevant” inputs was shown to be much more stable
under the Bayesian approach than for the ML Cox method.

The Bayesian framework which has been presented in this article provides a solid basis
for survival analysis, yet there is still room for further research. For example, although our
extension of the model to non-proportional hazards did not yield a significant improvement,
another more complicated model might yield different results. Another opening is the fact
that on our database the variational approach and the Laplace approximation achieved similar
results, even though the variational approach is more sophisticated. It would be interesting to
see whether, on a more complicated database, this equality still holds.
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APPENDIX
I. Calculation of the Bayes factor

The lower term in (11) can be obtained from the prior on w:

P(lwp| < €|Hp) = /d/\ P(lwp| < €|A, Ho)P(A|Hop)
UJD+€ n 1/2
= /d/\ /dwR de [A |A|} exp [—%(w — )T A(w — )| T(N|o,7)

) { A ]”2 7 T(3)
= 2
(271')”D|ARR| F(O’) 7o
where np is the number of removed parameters,
A= (App — ARpAgRARD)

and
n -
&:7D+a 7= gipAip +.
To calculate the upper term, we use the posterior computed using the variational approach

described in Section 6.3:

wp +e€
P(|wD| < e|D,H0) = /d)\/dwR/ deP w /\|D Ho)
WwWp —€
et
= 2 eXP __wD QDD - QRDQRRQRD)U}D)
(2m) D|QRR|

IT. Recalculation of the posterior

The posterior probability of the remaining parameters wg after deletion of the parameters wp
reads:

P(wR|wD = O,H()) =

/ P(wR,wD :0,/\|D)
dX
P(wD = 0|D)
N(wR,wD = 0|’uA},1A), E)
[d\P(wp = 0|D, \)P(\)

= N(wg|w', 9,2,
with
W' =+ (E;qlﬂ,RR) lzwllu rDWD
and
Eiﬂw (E;;,RR)_17 Ei}v = Yoo,
where . .
sab = (SEEP? g ).
ww,RD ww,RR
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survival probabilities:
Fi(z) = exp [vishs(z)]
t;
with v;s = — / dt' hos(t")
0

features: hs(z) = exp [w;f ]

N AVAVAVRNANAANY

//////////////// A0 A AN AR ROy

000000000000000000O0O0O0O0O0O00O00O0O0O0OO0

S patient characteristics: x

Figure 1. Neural interpretation of survival analysis.
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standard Cox with Bayesian priors
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Figure 2. The baseline hazard ho(t) as obtained in classical Cox analysis (left), and after imposing

a Bayesian prior on the parameters v (right). In both cases ho is optimised on a training set of 600

patterns, chosen randomly from our database. The effect of the prior is a considerable smoothing of
the hazard function.
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standard Cox with Bayesian priors
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Figure 3. Histograms of the (log of the) proportional hazard h(z) as obtained in classical Cox analysis

(left), and after imposing a Bayesian prior on the parameters w (right). In both cases the parameters

w of the proportional hazard are optimised on a training set of 600 patterns, chosen randomly from
our database. The effect of the prior is a considerable “shrinking” of the proportional hazard.
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120 training patterns 200 training patterns 600 training patterns

relative error

Figure 4. Relative error after training on three partitions of the database (120 patients in the left

panel, 200 patients in the middle panel and 600 patients in the right panel). In each panel, from left

to right the bars represent the error in: the ML Cox method(1), the HMCMC sampling approach(2),

the variational approach(3), the Laplace approximation(4), all with one hidden unit, and the ML Cox

method(5) and HMcMC sampling(6) with two hidden units. All differences are significant, except for
the one between the variational approach and the Laplace approximation.
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Figure 5. Test error as a function of the number of discrete outputs for both the ML Cox method

(left panel) and the variational approach (right panel). The errors are the average of the test error

obtained from 25 random draws of 600 patients from the database. For each draw we first selected the

relevant inputs to the model, as will be described in Sections 8 and 9, and then varied the number of
outputs.
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Figure 6. The test error (minus the log-likelihood of the data in the test set under the current model)

as a function of the number of removed input parameters for the maximum likelihood Cox model

(upper), the variational approach (lower, solid line) and the Laplace approximation (lower, dotted

line). At zero, thirty one inputs are left in the model, at thirty, just one. The test error is the average

error over 25 sessions, conducted on parameters obtained from random choices of training sets, each
containing 600 patterns.

Copyright © 2001 John Wiley & Sons, Ltd. Statist. Med. 2001; 00:1-23
Prepared using simauth.cls



NEURAL-BAYESTAN SURVIVAL ANALYSIS 27

standard Cox Bayesian approach
25 : 25 ; :
20 20
] ]
Q Q
2 2
5 15 5 15
5 5
8 8
s 10 38 10
#* #*
5 5
0 0 il
0 10 20 30 0 10 20 30
input index input index

Figure 7. For the Bayesian approach (right panel), in each of the 25 model reduction sessions 2-4

inputs were left in the model. Two of the inputs (12 and 20) appear in almost all of the results.

Inputs 17, 27 and 29 are less strong, but still clearly present in the results. For the ML Cox method

(left panel), the reduction process is considerably less stable, resulting in a more noisy selection of
remaining parameters.
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