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Abstract

In this paper we formulate the Expectation Maximization (EM) algo-
rithm for Boltzmann Machines and we prove that the Kullback distance is
a Lyaponov function for the EM algorithm. As a result the EM algorithm
yields the same solutions as the original learning rule of Ackley, Hinton and
Sejnowski. We give an example of the EM algorithm applied to a special
class of Boltzmann Machines (BM). This class of BM’s includes feedforward
networks, radial basis networks and unsupervised clustering and probability
density estimation networks. For this Boltzmann Machine the EM algorithm
gives a significant speed up compared to standard methods such as (conjugate)
gradient descent.
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1 Introduction

Boltzmann Machines are an interesting class of Neural Networks, because they have
explicit parallelism of neuron and weight dynamics. They describe a general class of
networks of which feedforward networks and clustering networks are special cases.
However, their practical use has been limited because of the excessive time required
for training. Learning can be accelerated using a mean field approximation (Pe-
terson and Hartman, 1989), this works best in the context of optimization, but
has limited applicability in the context of probability estimation. Recently, one
of us (Kappen, 1994) has described a large class of BM for which closed form ex-
pressions for the learning rules can be obtained. As a result, no time-consuming
Glauber dynamics is required. This class of BM’s includes multilayered feedforward
networks, radial basis networks and unsupervised clustering and probability den-
sity estimation networks. The execution time of these learning rules is fast enough
to use BM’s for practical applications. In this paper we go one step further. We
investigate the applicability of the EM algorithm for Boltzmann Machines.

After formulating the EM algorithm for Boltzmann Machines, we prove in Sec-
tion 2 that the Kullback distance is a Lyaponov function for the EM algorithm. As
a result the EM algorithm yields the same solutions as the original learning rule of
Ackley, Hinton and Sejnowski (Ackley et al., 1985). In Section 2.1 we briefly indicate
how the em algorithm? defined by Amari, Kurata and Nagaoka (Amari et al., 1992)
is related to the EM algorithm. And in Section 3 we give an example of the EM
algorithm applied to a special class of Boltzmann Machines (Kappen, 1993). This
class of BM includes feedforward, radial basis networks and unsupervised clustering
and probability densities estimation networks.

2 The EM Algorithm

When a Boltzmann Machine is trained, the observed data Zy, with probability
q(Zv), is clamped on the visible units and the weights are adjusted to make the
best approximation of the observed data. Let £ and ¥y be the total and hidden
activity of the Boltzmann Machine respectively.

Let p(Z|wW) be a probability distribution depending on parameters @ € Q, the
parameter space. The probability distribution on the visible units is equal to:

p(&v @) =Y p(&|D)
o3

Where the sum becomes an integral for continue-valued hidden neurons.
The EM algorithm (Boyles, 1983; Dempster et al., 1977; Little and Rubin, 1987;
Redner and Walker, 1984; Wu, 1983) starts by defining the function Q:

Q') = ZQ(fv)p(lefv@’) log (p(Z[ 7))

T

where the summation is over all visible and hidden states.

The EM algorithm is an iterative algorithm consisting of an E- and an M-step.
Let w! denote the present value of @ and let @ be the randomly chosen starting
weights. The EM iteration (! — @'*T!) can now be defined as follows:

- The expectation step is equal to calculating Q(|w?).

2The e stands for e-geodesic projection and the m stands for m-geodesic projection in the em
algorithm defined by Amari, Kurata and Nagaoka



- The maximalization step is to choose W't to be a value of @ € © which maximizes
Q(w@|w") with respect to  :

— arg max ) —
@ttt = e IO Qi) (1)

The EM algorithm converges to a maximum value of

L(w) = Z q(&v ) log (p(Zv |W))

v

or

F(p(Zr), %) = ) a(#v)p(En) (log (p(Z]F) — log (5(Fx)))

T

See (Dempster et al., 1977; Neal and Hinton, 1994)
When the probability, defined by the Boltzmann Machine, is continuous in 0,
then all the limit points of any instance {@'} of an EM algorithm are stationary

points of L and L(w!) converges monotonically to L* = L(w*) for some stationary
point w*. See Theorem 2 of Wu (1983).

Note that
L(w) = —d(p,q) + C(q)
with
C(q) = ZQ(fv) log (¢(Zv))
and

- q(Zv)
d(p,q) = q(Zv)lo (T)
=D aevios (0
A%
where d(p, q) is the Kullback distance between p and ¢q. So the EM algorithm
maximizes L(w) and at the same time minimizes the Kullback distance. As a
result the EM algorithm will converge to the same set of solutions as the standard

Boltzmann Machine learning rule. (See also (Hinton and Sejnowski, 1986))

2.1 The em algorithm

Let S = {q(&)} be the set of all the probability distributions over the state space X,
consisting of 2" states #. Let B = {p(&|w)} be the set of all probability distributions
realizable by a Boltzmann Machine. Given ¢(Zy ), let E, be the set of probability
distributions in S, that have the same marginal distribution ¢(#y) on the visible
neurons, that is,

Let D(p, ¢) be the divergence between p and ¢ defined by

D(p,q) = q() 1Og< 9(%) )

- p(Z]w)

Amari, Kurata and Nagaoka (1992) (See also (Csiszar and Tusnady, 1984;
Byrne, 1992)) derived, using information geometry, the following learning algorithm



for Boltzmann Machines. The optimal solution for learning a given marginal distri-
bution ¢(#v ) with a BM is in the framework of Amari, Kurata and Nagaoka (1992)

argmin  min
= D
Port = ,cp gep, DP9

Note that this is a dual optimization, where both p € B and ¢ € F; must be found.
The em algorithm consists of a sequence of orthogonal projections onto %, and B
alternatively. Specifially Amari, Kurata and Nagaoka (1992) derived the following
iterative em algorithm for training a Boltzmann Machine to a given ¢(Zy ). For ¢t =
1,2,...

- e-step : Put ¢*(¥) = Hp(;i"hﬁt) = q(Fv )p(Zy|Zy ") (2)
Eq

arg min

ven PP

- m-step : Put p(Z|@'t!) = Hqt(f) =
B

where W' and ¢ are the weights of the Boltzmann Machine and the ‘given’ prob-
abilty ¢(Z) in iteration step ¢, respectively, and where [], denotes an orthogonal
projection onto X. The last equality in Equation (2) is true in most cases. However,
counter examples can be constructed (Amari, 1994).

It can be proven (Amari et al., 1992) that the monotonic relation

Dlqi41, pt+1] < Dlgs, p:]

holds, where the equality holds only for the fixed points of the projections.
Substitution of the e-step into the m-step gives

41 _ arg max . o = <
w = 5 q(Zv )p(Zg|Zvd’) lo
o Mmoo

p(Z]@) >

Ty )p(Zg|Evwt)
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Where f(w") is independent of w. Thus the em algorithm is identical to the EM
algorithm (see Equation (1)).

3 An example of the EM algorithm applied to
Boltzmann Machines

Kappen (Kappen, 1994) proposed a Boltzmann Machine with the architecture as
given in Figure 1. Between the units § are inhibitory connections, such that the
total activity in the hidden layer is 1. This allows to formulate efficient expressions
for the learning rules of this network. For this architecture the probability for state

(Zys;) is

o1 I -
p(E§s;) = — exp (=B — &P+ vikk) (3)
k=0
with
- L h m
7 = <—> Zexp ('UjO) H 2 cosh ('Ujk‘)
B ji=1 k=1



Figure 1: The architecture of a Radial Basis Boltzmann Machine.

Some visible units are continuous neurons (Vg1 »] : #; € %). Some visible units are
two-valued (Vke[l,m] : yr, = £1). There is a threshold neuron yo = 1. The hidden
units are two-valued (Vje[l,h] :s; = 0 or 1). Between the units § are inhibitory
connections, such that the total activity in the hidden layer is 1. Thus the hidden
state can be denoted as s; with (S']'-)j, = 0;;;. There are adaptive connections
Between the units # and § are adaptive connections. Between the units § and ¥
are adaptive connections. The local field contribution from Z to sj is equal to

S
g1l — 71"

The EM algorithm defines

QUIE'T) = 3 q(E9)p(s} |77 i) log (p(#553 7))

Ty

Old and new weights are indicated with and without prime, respectively. In order
to maximize, we compute

0Q (w7
( (9o|z - )

with o € {w, ¥} and solve this equation for the new weights in terms of the old
weights. The results are (see the Appendix):

-/
_ <xi3j>clamped

wij = ——=7 (5)
<s;>

clamped

Y]
<yksj>
vjr = arctanh w (6)
<s;>, '

clamped

/

<S_:>came
vjozlog( e ) (7)

[Tr=1 2 cosh (vjz)
where

<f(£g)53 >£:lamped = Z q(i'zj')f(_'g)p(s_]' |fgll7/l7l)



Table 1: CPU time to find solution

method time (in sec)
gradient descent (with momentum) 17342.0
conjugate gradient descent 1040.8
EM algorithm 229.2

which can be simply computed from the training set.

The fact that for this architecture the EM algorithm leads to explicit expressions
of new weights in terms of old weights is fortunate, and results in an extremely fast
algorithm. In Table 1 we compare the time to find the solution between this EM
algorithm, gradient descent and conjugate gradient descent.

The Boltzmann Machine had to learn a perfectly symmetric problem consisting
of 240 datapoints. The solution had to be found for 8 € [0.08, 100.0] for 100 different
values of 3.

All methods found the same solutions, only in the calculating time there was a
difference.

4 Discussion

We have shown how the EM algorithm can be applied to Boltzmann Machines. We
have applied the EM algorithm to a subclass of Boltzmann Machines, containing
Radial Basis networks and clustering algorithms as special cases. We have shown
the superiority of the EM algorithm to other learning algorithms for this class of
Boltzmann Machines, with some computer simulations.

In principle, the EM algorithm can be applied to any type of Boltzmann Machine
architecture. Whether similar speed up will result as in the above case depends on
whether the Equation (4) can be explicitly solved.

5 Appendix

We want the EM algorithm to give us an iterative algorithm, which expresses the
new weigths as a function of the old weights. First we calculate the fixed-point
equations of the EM algorithm, then we try to manipulate the found formulas to
get the desired form.

The derivatives of @ for the Boltzmann Machine proposed by Kappen (Kappen,
1993) are

OQ(Wv|w'v") _ Z q(ZY)p(s7 |2y’ v") Op(Zysj: | WD) _ 0
da ot p(Zysj | wv) Ja
Yss
which gives using Equation (3)
OQ(wo|w'v" - e
OQUITTT) 5™ (@il 928wy — )
Wi j 77
= Qﬂ <<IiS_J‘: >lclamped — Wij <S_Jt >Iclamped) =0 (8)
OQ(wo|w'v" e e s
OUTITE) = Y 4l (s 270 — tanh (050)p(5 7))
J i
= <yk5}‘->’damped — tanh (vj)p(s; |wW?) = 0 (9)



and

0Q(wi|w't’) ey By
= X S5 |27 v)— S5 WY
o D () 525707 9056
= <S;>/clamped - p(S; |'LZ)"(7) =0 (10)
Equation (8) yields
<Ii5_]t>clamped
Wij = =
<Sj>clamped

Combination of Equations (9) and (10), leads to

vj, = arctanh (7<ykj; />;lamped )
<8j>clamped
Using
p(5]07) = — exp (vjo0) HTﬂmQ cosh (vjr)
Ej’:l exp (vjio) [Tz 2 cosh (vj21)
and

h
!
Z <Sj>clamped =1
Jj=1
we find that Equation (10) is satisfied when
m
Y —~ !
exp (vj0) H 2 cosh (vjk) = exp (—A)<Sj > umped
k=1
where A is the same for all j. So
=
<Sj >clamped
[T~ 2 cosh (vj)
where A = 0 may be chosen, because of the invariance of this Boltzmann distribution

(see Equation (3)) under variation of X. Note that vj1, is already known as a function
of &' and ¢".

vjo—f-j\:log(
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