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Learning in HOBM using Linear Response

Abstract

We introduce an efficient method for learning and inference in higher order
Boltzmann machines. The method is based on mean field theory with the
linear response correction. We compute the correlations using the exact and the
approximated method for a fully connected third order network of ten neurons.
In addition, we compare the results of the exact and approximate learning
algorithm. Finally we use the presented method to solve the shifter problem.
We conclude that the linear response approximation gives good results as long

as the couplings are not too large.

Keywords: Higher order Boltzmann machines, Linear response, Inference, Learning



Learning in HOBM using Linear Response 3

1 Introduction

A Boltzmann machine is a network of stochastic binary variables (neurons). All neu-
rons s; are linked to each other with symmetric couplings w;; = wj;. Due to this
symmetry the probability distribution is given by the Boltzmann-Gibbs distribution

which is a known function of the couplings and thresholds of the network [1].

Sejnowski [15] introduced higher order Boltzmann machines (HOBM), which have also
connections like w;jr or w;jr. Those neural networks can be used to decrease the
number of hidden neurons needed in an ordinary Boltzmann machine since the higher
order connections can represent higher order correlations in the data. In case the
order of the network equals the number of neurons, the system is capable to learn

every distribution exactly without hidden neurons [3].

Since learning of a Boltzmann machine requires an amount of time proportional to
2N where N is the number of neurons, an approximation is necessary. One can use,
for instance, Gibbs sampling [11] where the averages are approximated by taking some
samples from the space of all the 2%V possible states of the neurons. This is, however,
still a time consuming procedure. Another approximation method, known as naive
mean field theory, where the correlations (s;s;) — (s;) (s;) are assumed to be zero, was
applied to ordinary second order Boltzmann machines [13], but gives in general poor

results.

Several improvements to mean field theory were made. Thouless, Anderson and Palmer
(referred to with TAP) presented a correction to the mean field equations [18] known
as the Onsager reaction term [12]. Other approaches are mixture models [10] and

tractable graphs [4]. Kappen and Rodriguez [7] have shown an approximation method
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called ‘linear response’ which is much more accurate than naive mean field and com-
parable to the TAP-approach. Moreover its calculation time is still polynomial. In this

paper we extend this method to HOBM.

We describe the theory of an exact HOBM in the next section. In the third section
we derive the linear response approximation for HOBM. We introduce the Gibbs free
energy G as the Legendre transform of the free energy, F. The derivative of F' with
respect to the model parameters are the moments of the HOBM. We show that these
are related to the derivatives of G through the Legendre transform. The mean field

approximation results from a small coupling expansion of the Gibbs free energy [14].

The linear response approximation can be used to approximate the correlations given
the couplings of the HOBM (the forward problem). This is useful for inference tasks,
where one wants to compute the marginal probability of some neurons given the value

of some others.

It can also be used for learning, where the couplings must be estimated from the
correlations in the data (the backward problem). In this case a gradient based method
must be used to adapt the couplings in such a way that the corresponding correlations
are equal to the target correlations. In the case of no hidden units we solve the

backward problem for HOBM in the linear response approximation without iteration.

In section 4 we compare the quality of the linear response approximation for the

forward and backward problem and we solve the shifter problem as was done by [6].
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2 Higher order Boltzmann machines

A higher order Boltzmann machine (HOBM) has a energy depending on its state given

by

=- Zﬁisi sz]s,sj 6 Zw”ks $jSk — 1)
i

ijk

We use the notation 6; instead of w; since it will turn out that the thresholds are

treated in another way than the other couplings.

The probability to find the system in equilibriuim in some state § is the Boltzmann-
Gibbs distribution

P(§)= 5 exp(~E () )

where Z is a normalization constant

Z = Z exp (—E (%)) (3)

all 8

The learning problem is to set the thresholds and all the couplings such that some
target distribution @ (8) is approximated as closely as possible. Therefore one min-
imizes the distance between P and (). A suitable measure of this distance is the

Kullback-Leibler divergence, given by

=S 3 @

all §

~—

since it stands for the average distance (in information theoretical sense) between the
model and the observed data. Since the model is considered to be an approximation
of the reality, the average is taken with respect to the data. For details see [9]. An
important property is that K = 0 & P = @ and K > 0 otherwise. Therefore a

learning algorithm can be defined by minimizing this function [1]
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Aw;j  ~ (sisj), — (8i85)¢ (5)

Awije  ~  (8i8j8k). — (8i8Sk);

The subscript f denotes an average taken in the free phase which corresponds to an
average with respect to the distribution P. The subscript ¢ denotes the clamped phase
in which the visible neurons are set to values in the training set. In case of no hidden

units this corresponds to an average with respect to the distribution Q.

3 Mean field for HOBM

We define the free energy F' of the network as

F(0,w)=—logZ = —logZexp (—E (%)) (6)

all &

We use the a-expansion as introduced by Plefka [14] to approximate the free energy.

The energy of some state of the network is given by
E(§a)=- Zoisi + aFin (3) (7)
i

where Ei,¢ stands for the interaction energy given by
B (8) = =3 >3 ®
int (§) = —= W;;SiSj — = WijkSiSiSk — - - -
int 9 £ 1j919j 6 £ ijk9i9j5k
ij ijk
For a = 1 we have our original model; for & = 0 we have a factorised model which is

tractable.

We perform a Legendre transformation [5] where we replace the independent variable

6; by m; = —g—g’; = (s;),, and hence we obtain

G (m,w,a) = F (0,w,a) + Z 0;m; (9)
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where G is the Legendre transform of F' known as the Gibbs free energy. Instead
of m; (6, w,a) being a function of the thresholds and the couplings, now m; is an

independent variable and 6; = 0; (m,w, a).
We expand G around a = 0:
G (m,w,1) = G (m,w,0) + aG' (m,w,0) + O (a?) (10)

where a prime denotes a differentiation with respect to .. Since G and G’ are evaluated

at o = 0 (the factorised model), one can derive [14]

14+ m; 14+m; 1—m; 1—m;
— 11
G (m,w,0) E { 5 log 5 + 2 log 5 } (11)
K3
1 1
G (m,w,0) = —3 E wijmim; — & E wikmimimy — ... = (EBing)y  (12)
ij ijk

where (...), denotes an expectation value taken with respect to P (5) with a = 0.

We approximate the Gibbs free energy by setting a =1

1 T 11—
G(m,w) = Z{ +2mz log +2mz + Qm, log sz} (13)

i

+ <Eint)0 +0 (w2)

From the Legendre transformation we furthermore know

oG

am,-

=0, (14)

Using the approximation for G (13) we obtain the generalised mean field equations:
0
m; = tanh 01 - 8—Tm <Eint>0 (15)

In principle one can expand upto higher orders in a. For second order Boltzmann

machines this was done by [8].
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3.1 The forward problem

We will now show how to approximate the forward problem, i.e. to compute the cor-

relations given the couplings and thresholds of the network.

First we define

o F
and
Gk = a7 1
Gig... Om;0m;Omy; . .. (17)

F is the cumulant generating function of the distribution P and hence Fjji... are the

connected parts of the correlations. For instance

Fij = —(sis;) +(s:) (s;) (18)

Fij = —{(sisjsk) + (si85) (sr) + (sjsk) (8i) + (sk8i) (s5) — 2(s:) (s5) {sx) (19)

The expression
F; = —G_li]’ (20)

is a property of the Legendre transformation, as one can easily see by differentiating

oF oG

with respect to 6; and m; respectively.

When we differentiate both sides of equation (20) with respect to 6; we obtain

1 41 4G
Fge = 3 G G0 d0kﬂ
op

oG om., 0G
_ —1. -1 af v apB
= E G G s 0, +E 86, om, (22)
af ¥

=0
= Y GG Gy Gapy

afy
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which expresses the third order derivatives of F' in terms of derivatives of G. Differen-
tiating again with respect to 6, gives us an expression for the fourth order derivative

and so on.

Thus given the couplings and thresholds of a HOBM we can compute m; from (15) and
compute G and its derivatives with respect to m; from (13). Using (22) we compute
the correlations. In this way we approximately solve the forward problem. Note that
the linear response algorithm has a computational complexity which is polynomial in

the number of neurons, whereas the exact learning method is exponential.

3.2 The backward problem

When there are no hidden neurons, all the clamped correlations in the learning rule

(5) are known. Since the converged learning process requires

A ~ (si)o — (si)y = 0 (23)
Awij ~ (8;85), — (sisj)y = 0 i#] (24)
Awgjp ~ (sisjsk), — (sisjse)y = 0 i#ji#k,j#k (25)

we know the free correlations have to be equal to the clamped ones. These equations
can only be obtained, when all indices are different, since a Boltzmann distribution
(2) does not depend on couplings with two or more indices equal (hereafter referred

to as ‘diagonal couplings’).

However, we can find a solution to equation (23), (24) and (25) by imposing the
stronger condition that (23), (24) and (25) must hold for any set of indices and al-

lowing non-zero diagonal couplings. This ‘trick’ was succesfully used for second order
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Boltzmann machines. In that case, these diagonal contributions effectively estimate

the second order self coupling contributions [7]. Here, such a motivation is less evident.

Step 1

From (23) we can compute m;, since m; = —F; = (s;);. From (24) and (25) we can

compute the derivatives of F' using (18) and (19).

Step 2

The derivatives of G expressed in terms of the derivatives of F' can be obtained as

in 22. For instance

Gy = Fj' (26)
Gijk = Y Fi'F3'F'Fap, (27)
afy

Step 3

The derivatives of G are approximately given in terms of m; and w by differentiating

equation (13):

_oG _ 1+ 9 g
0; = o tanh™ m; + o, (Eint)o
8@ 5i; 02
6m,~6mj h 1-— 77112 + 6m,6‘m] <Eint)0 (28)
63G 5,~jk2m,~ 63
% = 2 ] ] <Eint)0
Om;Omjomy, (1-— mf) Om;0Om;0my,

Suppose the HOBM contains all couplings upto order k. The k-th order derivative of G

only depends on m; and the k-th order couplings. Since m; is known we can calculate
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these couplings. The k—1-th derivative of G only depends on m; and the k-th and
k—1-th order couplings. From this we can compute the couplings of order k—1. We

repeat this and finally we find the thresholds (i.e. the first order couplings).

For instance, for a third order Boltzmann machine we used the following equations,

which follow directly from (28).

wi = SR o
1] - 2 (¥
(1—m3)
6z~j
wi; = 71 — mf - ; Wi Mg — Gij (29)
_ 1
6; = tanh L m; — Zwijmj — § kaijkmjmk
J J

Thus given the clamped correlations of the HOBM without hidden neurons we can ap-
proximate the couplings without iteration. We refer to this method as ‘linear response

with diagonal couplings’ or simply ‘linear response’.
4 Results

In this section we apply the above theory to third order Boltzmann machines.

4.1 The forward problem

We assess the quality of the approximation to compute the correlations of a given
Boltzmann distribution ) with second and third order couplings:
o 1 1 1
Q(S) = Eexp EZw,-jsisj + EZwiijiSjSk (30)
ij ijk
The couplings are randomly drawn from a Gaussian with zero mean and standard
deviation /v N for the second order interactions and o /N for the third order ones.

We plot the exact correlations versus the approximated ones for o = 0.2, 0.3 and 0.4.
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Since it is known that for second order models the mean field approximation breaks
down at o > 1/2 for large N [17], we took o < 1/2. The network consists of 10 neurons,

since in that case it is possible to compare the results with the exact calculations.

Figure 1 shows the graphs for (s;s;) and (s;s;si). One can see that the approximated
second and third order correlations are almost equal to the exact ones for ¢ = 0.2. For

o = 0.4 the third order approximations are less accurate.

4.2 The backward problem

A Boltzmann machine with distribution P (§) which has thresholds, second and third
order couplings, is trained using the method from section 3.2. The target distribution
Q (%) in equation (4) is a Boltzmann distribution itself with only second and third
order interactions as in equation (30). The couplings are random from a Gaussian
with zero mean and a standard deviation g, /v/N for the second order and o3/N for
the third order couplings. N is the number of neurons, which is ten again. For a3 =0
this model corresponds to the Sherrington-Kirkpatrick (Sk) model [16], which was used

to train second order Boltzmann machines in [8].

Linear response is used to obtain the couplings and thresholds of P (§). The differ-
ence between the target and P (8) is measured using the Kullback divergence. If our
approximation is perfect, the Kullback divergence is zero, since the task is realizable.
Indeed, using the exact learning rule, the Boltzmann machine converges to a K = 0

solution.

In figure 2 the logarithm of the Kullback is shown versus o5 and o3. It is clear that in
the case of large o9 and o3 our approximation is no longer valid, since it was based on

a Taylor expansion with respect to the couplings. We conclude from the figure that
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the linear response approximation is only allowed as long as o2 < 0.6 and o3 < 0.8
(since in that region the Kullback is small enough). The fact that the method does
not break down at o2 = 1/2 but gradually deteriorates between 1/2 < g9 < 1 can
apparently be attributed to the fact that the diagonal couplings effectively play the

role of the Onsager reaction term (TAP) [7].

4.3 The shifter problem

We applied the linear response method to the shifter problem as described in [6]. For
this problem the neurons are divided into three groups. Group P; is a group of p
neurons which are clamped to one of the 2P binary patterns with equal probability.
Group P, is again a group of p neurons and their states are determined by shifting
the states of the neurons in P;. Wrap-around is used so that a bit that is shifted out
appears at the opposite side. The pattern can be shifted upto s positions to the left,
upto s positions to the right or no shift with equal probability ﬁ The third group,
S, has 2s+1 neurons, which represent the possible shifts. In the original problem p = 8
and s =1 (only left, right or no shift was allowed). The network had to recognize the

shift, given the two patterns on P; and P;.

Hinton and Sejnowski [6] used a second order Boltzmann machine with 24 hidden
neurons to solve the problem. More recently, Albizuri et al. used a third order machine
without hidden neurons [2]. We trained a third order network without hidden neurons
for the original problem using the method from section 3.2 with one small change:
Since there is always exactly one neuron in S which is on, the matrix of second order
correlations, F;;, has a zero eigenvalue. Therefore, in equation (20), we take the pseudo

inverse instead of the true inverse. After training, the network had to solve two tasks:



Learning in HOBM using Linear Response 14

1. The neurons in P, and P, are clamped and the network has to recognize the

shift.

2. The neurons in P; and S are clamped and the neurons in P, have to output the

shifted pattern.

The first task was perfectly done by the network. All shifts were recognized except
10 ambiguous cases: Six cases in which all neurons in P; are either plus or minus one
(where the shifts can not be distinguished) and four cases where the neurons in P; are

alternately plus and minus one (where a left and right shift can not be distinguished).

The second task was harder to solve. About 80% of the patterns were shifted correctly,
i.e. the sign of all mean firing rates in P», computed using equation (15), was equal to
the shifted pattern in the data set. In figure 3 is shown how many bits were correctly
shifted in which percentage of the cases. In figure 4 there is an example of the output
of the network: The input pattern that should be shifted to the right is shown at the

left, at the right the mean firing rates of the neurons in P.

Our results on task 1 are much better than those obtained in [6], where an exact
trained second order Boltzmann machine with 24 hidden neurons was used. On the
contrary, the exact trained third order Boltzmann machine in [2] gave better results

on task 1 and 2. This is not suprising, since linear response is an approximation.

The complexity of the linear response algorithm is O (N 4) instead of exponential.
Therefore we can train much larger networks than the exact methods can. We have
trained a large shifter problem where the size of the pattern, p, is 53 and the maximum
shift, s, is 13. Hence, the size of the network is N = 2p + 2s + 1 = 133. There are

221,184 possible input patterns. It took 30 minutes on a pentium computer to train
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the network with 5000 training and 1000 validation patterns. The shift was recognized

correctly for 99% of the validation patterns.

5 Discussion

In this paper we have extended the linear response approximation to Boltzmann ma-
chines with higher order interactions. We have shown that good approximations can
be obtained as long as the couplings needed to model the target distribution are not
too large. Moreover we presented a solution for the backward problem without iter-
ation, when there are only visible neurons. The calculation time of the algorithm is
polynomial, whereas the time needed for the exact learning rule is exponential. For

the specific case of third order Boltzmann machines it is O (N*).

Although the theory presented is in principle valid for any order of the Boltzmann
machine, only third and maybe fourth order will be useful in practice. The calculation
time is polynomial but can take long anyway. Furthermore the storage of all the

correlations might be a problem for networks of very high orders.

It is possible to expand the Gibbs free energy G upto the second order of « in equa-
tion (10). For a second order Boltzmann machine this brings in the TAP-term as was
shown by Plefka [14] and Kappen et al. [8]. The same can be done for HOBM which
will increase the accuracy of the estimation. The inversion of equation (28), however,
will no longer be as easy as it is now since the derivatives of G will not be linear in the
couplings. In this case we propose to use the gradient descent procedure to find a fixed
point of the learning rule (5). It is, however, not yet clear if such a fixed point exists
nor if it is unique. This gradient descent technique should also be used for learning
with hidden neurons, although the couplings between the visible neurons can still be

found without iteration.
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Figure 1: The estimation error of the second order correlations (left) and third order
correlations (right) in a network of 10 neurons. The upper graphs have o = 0.2, the
middle graphs ¢ = 0.3 and the lower graphs ¢ = 0.4.

Figure 2: The logarithm of the Kullback divergence versus o2 and 3. Each point was
an average over 50 random problems.

Figure 3: The percentage of the total data set versus the number of correct bits.

Figure 4: The input pattern (left) is shifted to the right by the network (right).



