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1. Purpose We develop an online strategy
for trading in a single stock, for which we prove
a performance bound that does not rely on any
assumptions about the behaviour of the stock
price. The strategy itself is parameterless, but
its end capital can be bounded from below in
terms of the size of the price fluctuations — the
more and the larger the fluctuations in price, the
richer we get.

2. Approach We first define a family of very
simple basic investment strategies. We wish to
guarantee that the performance of our strategy
is close to that of any of the the basic strategies
that we may consider, which can be achieved by
hedging : distributing our starting capital over all
basic strategies.

Let δ = δ1, δ2, . . . be a sequence of positive re-
als, then the basic strategy σδ initially invests all
capital, then sells everything when the logarithm
of the stock price exceeds δ1, then invests again
when the logarithm of the stock price decreases
more than δ2, and so on. We then hedge over
all price-switched strategies by distributing our
initial capital according to a density π.

3. Results Our bound compares the end
capital of the hedging strategy to the end cap-
ital of any basic strategy σδ. Choose a pair
(δ, m) such that we stop trading at the exact
moment where σδ performs its mth transaction,
i.e. δ1 − δ2 + . . .± δm coincides with the current
logprice of the stock. (In the paper, we also al-
low stopping in-between transactions.) We then
obtain the following results.

Smooth worst case. At first the analysis may
seem difficult, as the stock price may behave
very erratically. Luckily, as a stepping stone in
the proof of the bound, we can show that the
hedging strategy performs worst when the stock
price is continuous, and has no superfluous local
extrema. Thus, our analysis reduces to the case
where the stock price is extremely smooth.

Performance bound. We then prove that the
log of the end capital of σδ does not exceed that
of the hedging strategy by more than

m∑

i=1

− log π(δi) + (m − 1)cπ + ln 2 + 2ǫπ.

For a number of densities π of practical interest
we find cπ ≈ 0.02 and ǫπ ≈ 3.5.

This bound is related to results in the finan-
cial literature, e.g. [1], but existing results hold
only under some assumptions on the behaviour
of the stock price. It also relates to expert track-

ing, see e.g. [2], where expert predictions are
scored using Cover’s loss. However, previously
known bounds from the online learning commu-
nity either depend on the number of prediction
cycles, or involve a bounded loss function.

Algorithm. The paper describes how the hedg-
ing strategy can be implemented to run in O(T 2)
time for arbitrary densities π; the running time
can be reduced to O(T ) if π is memoryless (i.e.,
the exponential density).
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