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hines� Simple approximations� Introdu
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h for bounds� Summary
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The Boltzmann Ma
hine
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The Boltzmann Ma
hineThe energy of the Boltzmann ma
hine for a 
ertain state is�E (~s ) =Xi �isi + 12Xij wijsisjThe probability to �nd the BM in state ~s:p (~s ) = 1Z exp (�E (~s ))The normalizing 
onstant is the partition fun
tionZ =Xall ~s exp (�E (~s ))
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Derived Quantities

Z =Xall ~s exp (�E (~s ))Means and 
orrelationshsii = ���i logZ = 1Z �Z��i = 1Z Xall ~s ���i exp (�E (~s ))

= 1Z Xall ~s exp (�E (~s )) si =Xall ~s p (~s ) sihsisji = ��wij logZ
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Computing the Partition Fun
tionState exp(Energy)| | | | | 3.979020| | | | + 1.586260| | | + | 3.480777| | | + + 1.994746| | + | | 0.566925| | + | + 0.505540| | + + | 1.466552| | + + + 1.879924| + | | | 1.604714| + | | + 0.833811| + | + | 2.247136| + | + + 1.678465| + + | | 0.795865| + + | + 0.924999| + + + | 3.295664| + + + + 5.506271+ | | | | 0.642141+ | | | + 0.335461+ | | + | 0.606811+ | | + + 0.455699+ | + | | 0.157148+ | + | + 0.183633+ | + + | 0.439139+ | + + + 0.737664+ + | | | 0.588334+ + | | + 0.400597+ + | + | 0.889976+ + | + + 0.871113+ + + | | 0.501180+ + + | + 0.763324+ + + + | 2.241918+ + + + + 4.908486
Z =Xall ~s exp (�E (~s ))
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A Simple ApproximationApproximate exp (x) by 1 + xThusZ =Xall ~s exp (�E (~s )) �Xall ~s (1�E (~s ))

= 2N �Xall ~sE (~s ) = 2Nwhi
h is a quite poor approximation. −2 −1 0 1 2
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Variational Approa
hesFor all � we knowexp (x) � e� + e� (x� �) = e� (1 + x� �)Thus 8� Z =Xall ~s exp (�E (~s )) �Xall ~s e� (1�E (~s )� �)= 2Ne� (1� �) = B (�)The best approximation is the maximum of B (�).���B (�) = ��e� = 0 ) � = 0and again we �nd Z � 2N
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Variational Approa
hes

exp (x) � e� (1 + x� �)Thus8�(~s ) Z =Xall ~s exp (�E (~s )) �Xall ~s e�(~s ) (1�E (~s )� � (~s))

and we 
hoose � (~s ) = �+Xi hisiwhi
h 
an be optimised with respe
t to � and hi.
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Other BoundsThe Kullba
k-Leibler divergen
e is a bound:K (q; p) =Xall ~s q (~s ) log q (~s )p (~s ) � 0

But we have also log x � x� � 1 + log �and tanhx � 12p2 (x� �)2 + �1� tanh2 �� (x� �) + tanh�
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Improving Bounds

b (x)

f (x)0

0

x=ν

f0 (x) � b0 (x)

f1 (x) = Z x0=xx0=� f0 (x0) dx0 � (x��)� (x��) Z x0=xx0=� b0 (x0) dx0 = b1 (x)
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Improving Bounds

b (x)

f (x)1

1

νx=

f1 (x) 7 b1 (x)

f2 (x) = Z x0=xx0=� f1 (x0) dx0 � Z x0=xx0=� b1 (x0) dx0 = b2 (x)
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Improving BoundsGiven f0 (x) � b0 (x) we 
an derive� f1 = R f0 and b1 = R b0 with f1 (�) = b1 (�) for some �� f2 = R f1 and b2 = R b1 with f2 (�) = b2 (�) for that �Then we know� 8x;� f2 (x) � b2 (x)
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Example: Exponential fun
tion

f0(x) = ex � 0 = b0(x)f1(x) = ex 7 e� = b1(x)8x;� f2(x) = ex � e� (1 + x� �) = b2(x)
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Example: Exponential fun
tion

8x;�;� ex � e��1 + x� �+ e��1� �2 (x� �)2 + 16 (x� �)3��
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Summary� You have a fun
tion that is intra
table (e.g.Pall ~s exp (�E (~s )))� You 
an derive a (large) 
lass of bounding fun
tions(f (x) � b (x; �))� These fun
tions are parametrized by �, the variationalparameters� The larger this 
lass is, the better your estimate� Optimize the 
lass of bounding fun
tion with respe
t to � to�nd the tightest bound
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Take Home Message1. I have seen a way to do approximate 
omputations for aBoltzmann ma
hine. But p (I will use a BM) = 0.2. I have an intuition of what 
an be done with variationalmethods and the Boltzmann ma
hine was just one of theappli
ations.
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